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Izvlecek:
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Abstract: In the final project paper we study properties of solutions of ordinary dif-
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theoretical results to study coexistence of two consumers on a single biotic resource.
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1 Introduction

Differential equations represent one of the most important tools in (applied) math-
ematics. They are interesting from both theoretical and applied point of view. An

ordinary differential equation is defined as a functional relation of the form
F(t,z,aW ... %) =0 (1.1)
for the unknown function
= (21,...,2,) € C*(I,R™)
and its derivatives

o 77 dt
The highest derivative appearing in F' is called the order of the differential equation.

29 (t) = (djx_l(t) d]x_”(t)) .

If F can be written in the form F(z,2®, ... 2®) = 0, without explicit appearance of
the independent variable ¢, we say that the differential equation is autonomous.
The function ¢(t) is said to be a solution of the equation (1.1) on an interval J C I if
¢ € CF(J) and F(t,p(t),..., 6% (1)) =0, t € J.

Throughout this paper we work with differential equations in the explicit form, i.e. we

suppose that the equation (1.1) can be solved in the highest derivative,
e®) = f(t,x,. .. %), (1.2)

Differential equations are typically studied by finding their solutions explicitly or by
numerical approximation. However, one does not have to know the solution of the
equation in order to know some of its properties: interval of existence and uniqueness,
dependence on the initial condition and parameters, asymptotic behaviour. In this
paper we mostly focus on these properties.

In Chapter 2 of this paper we introduce the notion of the initial value problem and
study existence, uniqueness and dependence of solutions on the initial conditions and
parameters.

In Chapter 3 we consider a special example of differential equations, linear differential
equations. We give explicit solutions and study their asymptotic behaviour.

In Chapter 4 we introduce another notion of special interest in this paper, a dynamical

system. With the help of the theory developed in Chapter 2 we study a special example
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of a dynamical system, the flow of first order autonomous equations. We introduce the
notion of a fixed point (steady state, equilibrium) as a point where & = 0.

Motivated by the study of asymptotic behaviour of solutions of linear systems and with
the help of the theory developed in Chapter 4, we study in Chapter 5 stability of fixed
points and asymptotic behaviour of solutions of first order autonomous equations.

In Chapter 6 we study dynamical systems in two dimensions by classifying their possible
asymptotic behaviour.

Finally, in Chapter 7 we give an application of the theory developed throughout the
paper on an example from mathematical biology. We are interested in predator—prey

problems, more precisely in competitive exclusion principle.
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2 Initial value problems

The aim of this chapter is to prove basic existence and uniqueness results for ordinary

differential equations. Of special interest is the initial value problem (IVP)
= f(t,x), z(ty) = xo. (2.1)

We suppose that f € C'(U,R"), U an open set in R"™! and (¢, z,) € U.

In addition to having a unique solution, IVP should be continuously dependent on
initial conditions, i.e. small changes in the data should result in small changes of the
solution.

If the IVP satisfies all the above conditions we say that it is well-posed.

For studying these properties we first formulate and prove fixed point theorems.

2.1 Fixed point theorems

For deriving the Banach fixed point theorem we first need some basic notions from real

and functional analysis.

Definition 2.1. Let (X, || -||) be a normed vector space. A sequence {x,} converges
to vector z € X if lim ||z, — x| = 0. We denote this by z,, — x.

n—oo
A mapping F': (X, ]| -]) = (Y, || - ||) is called continuous if z,, — = implies F(x,) —

A sequence {z,} is called a Cauchy sequence if
(Ve > 0)(3N € N) : (Vm,n > N)||xm — x| <e.

Definition 2.2. A normed space (X, ||-]|) is called complete if every Cauchy sequence
in X has a limit in X. A complete normed space is called a Banach space. If a Banach
space (X, || - ||) is also an algebra and ||zy| < ||z||||y|| for any z,y € X we call it a

Banach algebra.

For our purposes we mostly use the following example of Banach spaces. Let I be a
closed interval and let C'(I) be the set of all real continuous functions on this interval.
They form a vector space with operations defined pointwise. To get a normed space,

we define a norm as: ||z|| = sup |z(t)| = max |z(t)|.
tel tel
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A sequence of functions {z,} converges to z if and only if
lim ||z, — x| = lim sup |z, (t) — z(t)| = 0.
limn [z, =] = L suple, (1) —a(t)

Let {x,} be a Cauchy sequence in C(I). For every ¢t € I the sequence {z,(t)} is a
Cauchy sequence in R and by completeness of R a convergent sequence having a limit
z(t). We have

|2, () —zp(t)] <€, Yn,m > Ng tel

or in the limit
|zn(t) —x(t)| <€, VYn>Ng tel

which is the definition of uniform convergence. By the well known result from real
analysis, the uniform limit of continuous functions is again continuous. Hence, every
Cauchy sequence has a limit in C'(I) which gives us a Banach space.

To formulate the Banach’s fixed point theorem, we need a special type of a mapping.

Definition 2.3. For a normed space (X, | - ||) mapping K : X — X is said to be

Lipschitz continuous if there exists a constant L > 0 such that
1K (z) = K(y)|l < Lllz —yll, Yo,y € X.

If L <1 then we say that K is a contraction.
We define the iteration of K as: K"(z) = K(K" !(z)), K°(z) = z.

Theorem 2.4. (Banach fized point theorem or The Contraction principle) Let C' be

a nonempty closed subset of a Banach space X and let K : C' — C' be a contraction.

Then K has a unique fized point T. Moreover, for every x € C we have the estimate
en

17(@) - ol < 1

1K (x) — .

Proof. We first prove uniqueness: let zy and z; be two different fixed points. Then by
definition of a contraction we have: |zg — x| = |[|K(z0) — K(x1)|| < 0]|zg — 21| <
||xo — 21]|, which is an obvious contradiction. Hence there can not be two different
fixed points.

Take an arbitrary z = xg € X and define a sequence z,, = K™(zg). We have
[Zns1 = Znl| < Ollzn — Tpal] < - <021 — 20|

and by triangle inequality we estimate

l1 = o] (2.2)
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which shows that {x,} is a Cauchy sequence in a Banach space. Therefore, the sequence

has a limit . Furthermore:
0= lim s — ) = lim [[K(2) — 2| = | K (&) — 7]
n—oo n—o0

showing that z is a fixed point. By sending n — oo in (2.2) we get the second claim of

theorem. O

From the previous proof one can infer that #™ can be replaced by any summable

sequence {6,}, giving the next theorem.

Theorem 2.5. (Weissinger) Let C' be a nonempty closed subset of a Banach space X .
Suppose that K : C' — C satisfies: |K™(x) — K™(y)|| < O,||z — vy, Vz,y € C,n € N
with ">, 6, < co. Then K has a unique fized point T such that

1K™ () — || < <Z 9j> |5 (2) = zf|, Vo e C.

Proof. Suppose that we have two fixed points z and y. Then we have ||z — y|| =

|K™(x) — K™(y)|| or in the limit: ||z — y|| < lim 6,|z — y|| = 0 since lim 6,, = 0. To
n—oo n—oo

prove the existence of a solution, fix an arbitrary zy € C' and generate a sequence

x, = K"(xy). Using the above condition we can estimate
[2n41 = zall = [ K" (K (20)) — K" (20)|| < 0nl[ K (20) — 2o]-

Furthermore, by triangle inequality we have

n — 2] < (2 ez-) 1K (20) — o] (23

i=m
and since sequence {6,} is summable we have that {z,} is a Cauchy sequence in a
closed subset of Banach space and hence it is convergent with a limit £ € C'. Then we

can write

0= lim [[asn — ]| = Jimn || () — ]| = || () — 7]

showing that Z is a fixed point. By sending n — oo in (2.3) we get the second claim of
the theorem. O]

2.2 The basic existence and uniqueness results

In this section we use results of the previous section to show existence and uniqueness
results for the IVP in (2.1). First we extend the definition of Lipschitz continuous

functions.
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Definition 2.6. Let U be an open set in R"™*. A function f € C(U,R"), is called
locally Lipschitz continuous in the second argument, uniformly with respect to the first

argument if for every compact set V' C U we have

(t,z)#£(t,y)eV |$ - ?J|

Remark 2.7. Since all the norms in R™ are equivalent, the Lipschitz condition does
not depend on the choice of the norm. For convenience, we denote in the rest of this

chapter the norm |z| = |(z1,...,2,)| = max |z;| for x € R™
i=1,....,n

By integration, the IVP (2.1) is equivalent to z(t) = o + fti f(s,z(s))ds since f is
continuous. The initial value xy can serve as an approximation of the solution for ¢ close
to tp. The next approximation is derived by putting zo(¢) into the integral equation.

In general we define

Ty (t) = K™(20)(t); K(z)(t) =20+ /ttf(s,:c(s))ds.

For convenience we take to = 0 and ¢ > 0. We want to have K to be a contraction in a
suitable Banach space X and its closed subset C. We put X = C([0,7],R") with the
usual norm, and V = [0, 7] x Bs(x) for suitable T'. Since V is compact we can define
M = m?exv | f(t,x)|. Taking Ty = min{7, >} and C = Bs(zo) = {z € X, ||z —z| < 0}

(t,x
we get the desired spaces since

|K(x)(t) — x| < /Ot |f(s,z(s))|ds <tM <6, Ve eC, t <Ty.

Hence, we have K : C'— C and by taking L as defined in (2.6) we get

[ K () (t) = K (y) ()] < /0 |f(s,2(s)) = f(s,y(s))lds < Lt sup |x(s) —y(s)|, Vo,y € C.

0<s<t

In other words, || K (z) — K (y)|| < LTyl|lz—yl|, Vz,y € C. If we take Ty < min{Tp, L'}

we have that K is a contraction and we can apply the contraction principle.

Theorem 2.8. Suppose f € C(U,R"™) where U is an open subset of R"™ and (ty, zo) €
U. If f is locally Lipschitz continuous in the second argument, uniformly with respect
to the first argument then there exists a unique local solution z(t) € C(I) of the IVP
where I is some interval containing to.

More precisely, if V = [ty,to + T] x Bs(xo) C U and M denotes the mazimum of |f|
on V' then the solution exists at least for t € [to, to + To| and remains in Bs(xo), where

To < min{T,8/M,1/L} where L is Lipschitz constant on V.

Remark 2.9. Every f € C*(U,R") is locally Lipschitz since || f(z) — f(y)|| < L|jz — v

where L = max |J¢(7)]|, J¢ is the Jacobian matrix of f and Q C U a convex set.
TE
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The previously described procedure of finding the solution of IVP is called Picard
iteration. Although it is very useful in proving uniqueness and existence results, it is

not useful in practice since it is often difficult to calculate integrals.

Example 2.10. Applying Picard iteration for IVP: & = ax; x(ty) = xo we get
Zo (t) = 29

z1(t) =z + ftto azo(s)ds = xo + axo(t — to)

(t —ty)?

To(t) = 2o + fti ary(s)ds = zo + axg(t — to) + ax 5

By induction we conclude:
S (t—to)
T (t) = Z Tajlﬂo
=0
which is exactly the m/th Taylor’s polynomial of 2¢e®®*~%) and hence () = xoe®*~10),
Using the previous theorem we can prove

Lemma 2.11. Suppose f € C*(U,R™),k > 1, where U is an open subset of R" and
(to,z0) € U. If T is a local solution of IVP (2.1) then z € C*T1(I) where I is the

interval of existence.

Proof. For k =1 we have T € C' by Theorem 2.8. Moreover, using z(t) = f(t,z(t)) €
C* we infer Z(t) € C%. The rest follows by induction. O

There is a classical method for numerical computation of solutions of differential equa-
tions, called Euler’s method, which is based on approximation of the solution by piece-
wise linear functions.

Let IVP be of the form (2.1). If ¢(¢) is a solution, then by Taylor’s theorem we have

d(to + h) = z0 + ¢(to)h + o(h) = xo + f(to, x0)h + o(h)
To approximate the solution we omit the error term and iterate the procedure:

Th(tms1) = Tn(tm) + f(Em, zn(tm)) by tn = to +mh

and use linear interpolation in between.
Euler’s method can be used as a motivation for construction of solutions for an IVP.

We need the following theorem.

Theorem 2.12. (Arzela—Ascoli) Suppose that a sequence of functions {z,(t)} € C(I,R"),
m € N on a compact interval I is (uniformly) equicontinuous, i.e. for every e > 0
there is 6 > 0 (independent of m) such that |x,(t) — x,,(s)| < € for |t —s| < §,m € N.

If the sequence {x,,} is bounded then it has a uniformly convergent subsequence.
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Theorem 2.13. (Peano’s theorem) Let & = f(z), x(ty) = xo be an autonomous IVP,
where f € C(U) for an open, bounded subset U C R". Then there exists a solution
defined for time ty — <t <tyg+ where D = dist(x9,0U) and M = ||f|| =

_max |fi| on U.

=1,...,n

f M\f ’
Proof. Since f is continuous on a compact set, it is uniformly continuous and hence
for a fixed € > 0 there exists § > 0 such that | f(z) — f(y)| < € for |z —y| < J. For such
0 we cut U onto d-blocks. We start in the initial point and make an approximation by
Euler’s method
z(t) = zo + f(z0)(t —to).

Let t; be the time when x(¢) hits the boundary of the J-block. We make a new
approximation using that intersection as the initial condition. We repeat this procedure
until we reach the boundary of U. The obtained piecewise linear curve is called an
Euler polygon. If we travel with maximal velocity in the direction of the nearest

boundary point then

|2 (t) — w0 < (t —to) | fll2 < (£ — to) My/n < dist(xo, 0U) =

and hence we get t — tg < [\)/ﬁ. We apply an analogous procedure for negative time

M
direction.

For t € [t;, ;1] we get

x(t) = x4+ fla)(t—t) =x + /t f(z)ds

Tt
xTr; = l‘o—l—Z/ f(l‘k)dt
i

k=0
We repeat this procedure on all parts of polygonal line and calculate

-1

o) =t [ flo s+ 3 [ e - s+ [ () - st

k=0 i

The definition of the polygon gives |f(x(s)) — f(x;)| < € and hence

—:vo—f—/f ))ds + (t — )0, 0] <e.

Now we choose a decreasing sequence {¢, } with limit 0 and consider the corresponding

Euler polygons {z,,} which satisfy
t
p =0+ [ Faal9)ds + ()0 161] < e
t;

Since we are on a compact set U all this polygons are bounded by the same constant

and they are equicontinuous i.e. for every e > 0 there exists § > 0 such that for every
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n € N we have |z, (t) — z,(t')| < € for |t —t'| < 0. Hence we can apply Arzela—Ascoli
theorem to obtain a convergent subsequence with limit . Since |6,,| — 0 and f is

uniformly continuous, in the limit we have

t
x(t) = xg —|—/ f(z(s))ds
to
and hence z(t) satisfies the IVP as we wanted to show. O

Remark 2.14. Continuity of f is enough to guaranty existence of a solution, but not

necessarily uniqueness. As an example of that, take & = |x|%, z(0) = 0 on [0, 1], where
2

we have two solutions x =0 and z = —.

4
We can further use Weisinger’s theorem to get less strict conditions for existence and

uniqueness of solutions.

Theorem 2.15. Suppose f € C(U,R"™) where U is an open subset of R"™ and

(to,z0) € U and f is locally Lipschitz continuous in the second arqument, uniformly

with respect to the first argument. Let 6,T > 0 such that [ty,to+T]| x Bs(xo) C U. Set

M= swp |fsols L@ = sp HEDZIY)

to ©€Bs(x0) a#y€Bs (o) [z -yl

and define Ty = sup{0 < t < T|M(to+1t) < 6}. Suppose that L,(Ty) = LZOJFTO L(t)dt is
finite.
Then the unique solution of IVP is given by

Tz = lim Km(l'o) < Cl([to,to +Tg],Bg<£E0)).

m—ro0

Proof. Without loss of generality, we can take tg = 0. Set X = C([0,7p],R™) and

C' = Bs(xp). Our choice of Ty implies that K : C' — C since we have

t
K (2)(t) — 20| < / (s, 2(s))|ds < M(t) < 5, t € [0,T0].
0
In order to apply Weissinger theorem we have to show that

Li(t)™
S — .
L) lz(s) — y(s)|

[K™ () (t) = K™ (y) ()] <

We prove this by induction. For m = 1 we have:
K (x)(t) — K(y)()] < /0 |f(s,2(s)) = f(s,y(s))lds
< [ Lolats) - uls)lds

0

< sup |a(s) — y(s) / L(s)ds

0<s<t
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and we use the induction hypothesis and similar technique for the induction step:
t
(K™ (2)(t) = K™ y)(0)] < / |/ (s, K™ ()(s)) — f(s, K™ (y)(s))|ds
0
t

< / L(s)| K™ (z)(s) — K™ () (s)|ds

0

< / L) 2 o la(r) - o)

m! r<s

ds

< supla(r) —ol0)] [ L4 P
— T s felr) o0

= Li(t)™

We can apply Weissinger theorem since Z = el < o0 by definition of L to
m=0

m)!
get the desired result. O]

For globally defined functions f which are globally Lipschitz we can say even more.

Corollary 2.16. Suppose [to, T] x R* C U and ftf L(t)dt < oo, where

L(t) = sup ’f(t,l’) — f(tay)‘
zAyeR" |z =yl

Then T is defined for all t € [to, T). If U = R™ with f_TTL(t)dt < oo for all T > 0,
then T s defined for all t € R.

Proof. We can apply the previous theorem and since Bs(xg) = R" we have § = oo and
existence of solution is guaranteed for all [to, T]. If furthermore U = R"™| we can put
C =X =C([ty, T),R"), Ty =T for all T > 0 to get the global solution. O

2.3 Extensibility of solutions

The previous section showed that solutions of IVP might not exists for all ¢ € R
even though the equation is defined everywhere. This section deals with the maximal
interval where the solution of an IVP can be defined.

An extension of a solution can be accomplished by ”glueing” two or more solutions.
We will also consider the maximal interval where solutions coincide.

Suppose that solutions of IVP exist locally and are unique for any (to, o) and let
¢, and ¢ be two solutions defined on open intervals I; and I, respectively. Then

I =1, NIy = (ty,t1) where (tg, ;) is the maximal interval where solutions coincide.
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To "glue” ¢, and ¢, we define:

) o) teh
o) _{ da(t) te L.

By repeating this procedure we get the next theorem.

Theorem 2.17. Suppose that IVP (2.1) has a unique local solution. Then there exists

a unique solution defined on mazimal interval Iy, z0) = (T-(to, o), T+ (to, o))

The solution defined in the previous theorem is called the maximal solution. A
solution defined for all ¢ € R is called a global solution.
The next lemma gives us the sufficient and necessary condition for a given solution to

have an extension.

Lemma 2.18. Let ¢(t) be the unique solution of IVP defined on an interval (t_,t),

ty < oo. Then there exists an extension (t_,ty + €) for some € > 0 if and only if

there exists a sequence {t,,} € (t_,t;) such that lim (t,,,d(tm)) = (t4,y) € U. An
m—0o0

analogous statement holds for (t_ — €, ty).

Proof. 1f an extension exists, by continuity of ¢ the identity holds for any sequence
t, T t. Conversely, suppose that such a sequence exists. Since U is open there is

some 0 > 0 such that V = [t; — 0,t4] x Bs(U) C U and M = (m)axvlf(t,x)\ < 00.
t,x)e

Moreover, after maybe passing to a subsequence, we can assume that t,, € (t; —6,t,),
¢(tm) € Bs(U) and t,,, < t,,11. We prove that in this case we have %glj o(t) = y. Assume
the contrary. Then we can find a sequence 7, Tt such that |¢(7,) —y| > v > 0.
Without loss of generality we can choose v < ¢ and 7, > t,,,. Moreover, by mean value

theorem we can require |¢(7,,) — y| = v and |¢(t) — y| < ¢ for t € [t,,, 7). But then

0 < v=|o0(1m) =yl <|0(Tm) — O(tm)| + [O(tm) — ¥l
< / (5, 8(5))[ds + |6(tn) — 4| < M|t — tn] + |6(Em) — yl,

which is a contradiction since the right hand side converges to 0 as m — oc.

To make extension we glue ¢ and ¢ defined as solution of IVP x(t,) =y on (t4 —e, t4 +
€). The new function is continuous by definition and differentiable by Peano’s theorem
since for fixed (t;,y) € U there is a positive minimal time € such that there is solution

defined on (t; + ¢€,y). Thus we have defined a unique solution on (t_, ¢, + €). O

As corollary of this lemma we have a criterion that does not require a complete knowl-

edge of solution.
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Corollary 2.19. Let ¢(t) be solution of IVP defined on interval (t_,ty). Suppose there
is a compact set [t_,t,.]x C C U such that ¢(t,,) € C for some sequence {t,,} € [to,t4)
converging to t,. Then there exists an extension (t_,t, + €) for some € > 0.

In particular, if such an C exists for every t. > ty then the solutions exist for all t > t.

Analogous statement holds for (t_ — €, t,).

Proof. Take t,, T t.. By compactness {¢(t,,)} has a convergent subsequence and the

claim follows from previous lemma. O]

As the final goal of this section we can prove that there exists a global solution if f has

at most linear growth with respect to x. Before that we state a very useful inequality.

Lemma 2.20. (Generalized Gronwall’s inequality) Suppose o, 3,1 are real valued func-
tions on some interval [0,T] where [ is non-negative, 5,1 are continuous and « is

integrable on given interval. If 1(t) satisfies

Bt) < alt) + / B(s)p(s)ds, £ € 0,T],
then

60 <at)+ [ as)en ([ soar)is, e o]

Proof. Abbreviate ¢(t) = exp <— fot ﬁ(s)ds). Then one computes:

% (¢(t) /0 tﬁ(s)lp(s)ds) = B(t)o(t) (zb(t) - /0 tﬁ(s)zﬁ(s)ds) < a(t)B(t)o(t).

Integrating this inequality with respect to t, dividing the result by ¢(¢) and finally
adding a(t) on both sides proves the claim. O]

We mostly use the following corollary of this lemma.

Corollary 2.21. Ify(t) < oz+f0t (B(s) 4+ v)ds,t € [0,T] for given constants v,y € R,
£ >0 then

U(t) < aexp(Bt) + %(expwt) —1),t € [0,T]
If =0 then ¥(t) < o + ~t.

Proof. Use the Generalized Gronwall’s inequality for a, 8 and (t) = ¥ (t) +

™

We are now ready to prove the announced theorem.

Theorem 2.22. Suppose U = R x R" and for every T' > 0 there are constants
M(T), L(T) such that: |f(t,z)] < M(T) + L(T)|z|, (t,z) € [-T,T] x R*. Then all
solution are defined for all t € R.
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Proof. Without loss of generality ¢ty = 0. By the above estimate:

|¢(t)|§|$o|+/0 (M + Ll¢(s)|)ds, te€[0,T]NI.

By applying Corollary 2.21 we get

M
lo(t)| < |zole™ + —(e! — 1), te[0,T]NI.

7
Thus, ¢(t) lies in a compact ball and by Corollary 2.19 we can make extension of the
interval of solution. Since the above holds for every T' > 0 we conclude that solutions
exist for all t € R. O

Remark 2.23. The above result is true if |f(¢t,z)] < M(t) + L(t)|z|,Vx € R" where
M(t), L(t) are locally integrable.

2.4 Dependence on the initial conditions

The aim of this section is to give a criterion for a solution of the IVP to be continuously
dependent on the initial conditions, i.e. the case when small changes in the data will

result in small changes of the solution. Some of the proofs were taken from [7].

Theorem 2.24. Let the function f be continuous and Lipschitz with constant L. Then
the solution of IVP is continuously dependent on the initial conditions. Moreover, by
the results of previous sections we have a unique solution of IVP and hence IVP is

well-posed.

Proof. Without loos of generality, we can suppose to = 0. Let y be solution of IVP
with y(0) = zg+ h. Integrating the IVP, using the triangle inequality and the Lipschitz

condition we get

|z(t) —y(t)] < Ih\+/0 £ (s,2(s)) = f(s,(s))lds

< I+ / 2(s) — y(s)|ds.

Using the Gronwall’s inequality for constant functions o and S we get

() —y(@)] < |hle", t € [T, 7).

We are now interested in dependence of solutions of IVP

Cb:f(xvﬂ)’ I(O) =Y (24)

on initial conditions and a parameter u € R™. We denote this solution as wu(t,y, u)

and claim that it is as smooth as the function f.
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Theorem 2.25. Let E C R" be an open set, f € C¥(E) and xg € E. Then there exist
a> 0 and 6 > 0 such that for every y € B(xo,0) the IVP (2.4) has a unique solution
u(t,y) € C*(G) where G = [—a, a] x B(xo,d). For fized y we have u(t) € C**1([—a, a]).

Proof. 1f u solves (2.4) it also solves the integral equation u(t, y) = y—l—fg f(u(s,y(s)))ds.

We use this to estimate
u(t,y +h) —ult,y)| < |hl+ /Ot |f(u(s,y +h)) = f(u(s, y))ds]
< ||+ K/Ot lu(s,y + h) —u(s,y)|ds
and by using Gronwall’s lemma

lu(t,y + h) —u(t,y)| < |hle”, t € [~a,a]. (2.5)

du

Furthermore, from the above integral equation we see that if the partial derivative oy

exists it satisfies the equation

du(t,y)
dy

= I+/O Df(u(s,y))Mds.

y

In other words, it is a solution of matrix IVP
b = Df(u)®, ®(0,y) = 1.

This IVP has a unique solution since D f(u) is locally bounded and its norm can serve
as the Lipschitz coefficient. We denote this solution by V' (¢, z). Since we want to show

that it is partial derivative, we calculate
fu(t,y + h) — u(t,y) — Vh| < A|ﬂway+h»—fm@w»—1vwww»vmw
< AIDﬂM&wXM&y+M—uwwD—DﬂM&wﬂwws
+ [ IRGuls.y).uls.)ds
0
< A|Dﬂwawnwwy+h»—waw—v%ws+

+A!RW@w+hLM&wN%,

where R is remainder of the Taylor expansion of f up to the linear term. Thus for

every € > 0 we can find a § > 0 such that if |h| < § we have

[R(u(s,y + h),u(s, y))| < €luls,y +h) —u(s,y)l, s € [-a,a]. (2.6)
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Let |[Df(u(s,y))| < M;. By using (2.5) and (2.6) we get
¢
lu(t,y+h)—u(t,y)—Vh| < Ml/ lu(s,y + h) — u(s,y) — Vh|ds+ea|h|e™®, t € [—a, al
0
Denote ¢(t) = |u(t,y + h) — u(t,y) — Vh|. Then the above estimate rewrites into

t
o(t) ng/ o(s)ds + ae|h|eX".
0

We again use Gronwall’s lemma and obtain g(t) < e|h|ae®%eM? t € [—a, a]
We divide by |h| to obtain that for |h| < é we have

lu(t,y +h) —u(t,y) — Vh|
|hl

< eqefreMe,

aug’ v) = V(t, h) and since V € C*71(@) the claim
Y

holds. [l

By sending |h| to zero we get that

We can similarly show the following theorem.

Theorem 2.26. Let U be an open set of R™™™, f € C*(U) and (xg, io) € U. Then
there exist a > 0 and 6 > 0 such that for every y € B(xo,9) and p € B(uo, ), the IVP
(2.4) has a unique solution u(t,y, u) € C*(Q) defined on G = [—a,a] x B(xy,d). For
fized p and y we have u € C**1([—a, a]).



3 Linear systems of equations

In this chapter we analyze IVPs of the form
T =A(t)r+0b(t), x(0) =1z

where A : R - R*" xR",z : R — R",b : R — R". Such an IVP is called linear.
If b(t) = 0 it is called homogeneous, otherwise it is non-homogeneous. A special

type of homogeneous equations is the one where A is an n x n matrix of real (complex)

numbers:
T = Ax. (3.1)
00 tj ‘
Applying Picard iteration similar as in (2.10) we get: z(t) = —A’xy and hence
— !
7=0
x(t) = exp(tA)xy, (3.2)

Ad
where we define exp(A4) = > 2, —- In this case A can be considered as a lincar
J!
operator A : C" — C". The space of linear operators, in this case n dimensional
matrices, denoted by B(C"), is a Banach algebra with the norm: ||Af| = sup, - |Az|.
From here we see that the space of solutions of (3.1) is an n dimensional vector space.
> AJ
Lemma 3.1. The sum Z — converges for every A € B(C™) and the matriz expo-
j!

7=0
nential is well defined.

Proof. Since B(C") is a Banach space it is enough to prove normal convergence:

> 1IAJ . A

5 | S ” Since B(C") is a Banach algebra, we have: ||A’]] < ||A]]’ and convergence
— jl

j=0

- Al
follows from convergence of the sum: Z —— = exp(|A]]). O
=0 7
Full understanding of the matrix exponential comes from the Jordan canonical form.

Before stating this well-known fact from linear algebra we need a definition.

Definition 3.2. A vector z with ||z|| = 1 is called a generalized eigenvector of

rank m of the matrix A corresponding to eigenvalue A if (A — A\I)"z = 0 and
(A= X"tz £0.

16
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Lemma 3.3. (Jordan canonical form) Let A be a complex n x n matriz. Then there

exists a matriz U such that A is transformed into a block diagonal matriz by

J1
J
U AU = ’
Im
where each block is of the form.:
o
a 1
J=
1
Q@

and where o is some eigenvalue of A and columns of U are the corresponding generalized

eigenvectors of A.

We can calculate:

_ Z(UTTAUY K UAU _

exp(UTAU) = Z T = Z i = U texp(A)U
5=0 §=0

and thus exp(A) = Uexp(UTAU)U !

Hence, the exponential of A will be represented using generalized eigenvectors of A and

the exponential of its Jordan form.

3.1 Linear autonomous first-order systems

In this section we discuss properties of solutions of the system (3.1). Instead of con-
sidering directly the matrix A we consider its Jordan form. We start by observing

that
exp(t.Jq)

exp(tJ
exp(tUAU) = p(t2)

exp(tJm)



Rajkovié M. Dynamical Systems with an Application in Mathematical Biology.

Univerza na Primorskem, Fakulteta za matematiko, naravoslovje in informacijske tehnologije, 2016 18

where for a block of dimension n we have

tnfl
1t
(n—1)!
tn72
1 ¢ o
exp(tJ) = e™ (n B )
t
1

If the corresponding generalized eigenvectors of the Jordan block for the eigenavalue a

are uy, ... U ) then every solution is a linear combination of terms of the type:

r(a) i

at ) ti_j
L2 WGy

i=1 j=1

(3.3)

If a real matrix A has complex eigenvalue o with the corresponding generalized eigen-
vector u then also & is the eigenvalue with the corresponding generalized eigenvector
u. To form basis of the space of solutions we use w = Re(u) and v = Im(u) and get
that components of every solution are linear combinations of the terms u t*¢ cos bt and
u t*e® sin bt, where a and b are respectively real and imaginary part of some eigenvalue.
If a < 0 the term converges to zero since exp(at) decays faster than any polynomial. If
a = 0, exp(at) will remain bounded, but if £ > 0 the solution diverges. However, in the
case when the number of eigenvectors of rank 1 corresponds to algebraic multiplicity,

there are no polynomial terms. In summary:

Theorem 3.4. A solution of the linear system (3.1) converges to 0 as t — oo if and
only if xo lies in a subspace spanned by the generalized eigenvectors of the matriz A
corresponding to eigenvalues with a negative real part.

A solution remains bounded ast — oo if and only if xo lies in the subspace spanned by
the generalized eigenvectors of the matriz A corresponding to eigenvalues with a negative
real part and the eigenspaces of generalized eigenvectors of rank one corresponding to

ergenvalues with vanishing real part.

Remark 3.5. To get behavior as t — —o0 we just switch negative and positive.

We introduce the terminology for the above mentioned behavior of solutions.
Definition 3.6. A linear system is called stable if all solutions remain bounded as
t — oo and asymptotically stable if all solutions converge to 0 as t — oc.

We are actually discussing stability of the origin as a fixed point of the system (3.1).
We are generalizing this in Chapter 5.

With this terminology we have
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Corollary 3.7. The linear system (3.1) is stable if and only if all eigenvalues of A
have a non-positive real part and for those with vanishing real part the corresponding
algebraic and geometric multiplicity are equal.

The linear system (3.1) is asymptotically stable if and only if all eigenvalues o; of A
satisfy Re(a;) < 0.

Generalized eigenvectors are a basis for R”. We decompose R” in the following way:
E*(e?) = Lin(u;, vi|u; + iv; € Ker(A — X)™ # 0,4+Re()\) < 0)

E°(e?) = Lin(u;, vi|u; + iv; € Ker(A — AI)™ # 0, Re(\) = 0)

The spaces £, E~ and E° are respectively called the stable, the unstable and the
central space. As we already said R" = ET(e?) @ E~(e?) @ E°(e?). If the initial
value is in ET(e?) (respectively E~(e?)) only the terms of type (3.3) for Re(a) < 0
(respectively Re(a) > 0) determine solution and we have that z(t) — 0 as t — oo

(respectively —o0).

Linear autonomous equations of the order n (linear equations with constant coefficients)
can be rewritten into linear autonomous first-order systems. The corresponding system

for equation

2 4, 2V 4t qd ez =0 (3.4)
is given as
0

x

0 1 )

T

A= , T = _

0 1 '

a;(n_l)
_CO _C]_ PR PR _Cn—l

Properties of the solutions of this system depend on eigenvalues of the matrix A.

Theorem 3.8. Let a;, 1 < j < m, be the zeros of the polynomial
P(z) = 2" 4 cp12" 4 -+ c12 + o, associated with the equation (3.4), where a; are

their corresponding multiplicities. Then the functions:
zjx(t) = t* exp(a;t); 0<k<a;, 1<j<m
are n linearly independent solutions of the equation (3.4).

Proof. Let us look at the solution of the corresponding first-order system. By con-
struction, the first component of every solution of the system will solve our n/th order

equation. By collecting functions from each Jordan block this first component must
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be a linear combination of the functions z;(¢). So the solution space is spanned by
these functions. Since this space is n dimensional, all functions must be present. In

particular, these functions must be linearly independent. O]

3.2 General linear first-order systems
In this section we return to the analysis of the system

(t) = A(t)x(t) + b(t); Ae C(I,R" xR"), be C(I,R").
Regarding the existence of solutions of this system we observe the following:

Theorem 3.9. The above defined system has a unique solution satisfying the initial
condition x(ty) = xg. This solution is defined for allt € I.

Proof. This is a direct consequence of Theorem 2.22 and Corollary 2.16 since we can
take L(T) = H[la};} |A(t)|| for every T € I to satisfy the Lipschitz condition. O
telt

0,

We will first consider a general linear homogeneous first-order system. These are sys-

tems of the form
(t) = A(t)z(t), A€ C(,R" xR"). (3.5)

We start by observing that linear combinations of solutions are again solutions. Hence
the set of all solutions forms a vector space. This is often referred to as the superpo-
sition principle. In particular, solution for the initial condition x(tg) = z is given
by:

Ot to, w0) = Y _ b(t, 1o, 0;)0 5,
j=1

where §; is the j'th canonical basic vector, xy ; the j'th component of zy and ¢(t, to, 6;)

is the value z(t) for z(ty) = ¢,;. Using matrix notation we can write
¢(t7 th .I'[)) = H<t7 t0)$0

where I1(¢,t9) = (6(t, to, 01), ¢(t, to, 02), . .., (t, to, 6,)). The matrix II(t, %) is called a

principal matrix solution.

Theorem 3.10. Solutions of the system (3.5) form an n dimensional vector space.
Moreover, there exists a matriz-valued solution I1(t,ty) such that the solution satisfying

the initial condition x(ty) = xo is given by IL(¢, to)xo.

Since all columns of I1(¢,ty) solve (3.5) we conclude:

11(t, o) = A(IL(, to); 1L(to,t0) =1
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In general, X (t) = A(t) X (t) iff all columns of X solve the equation. Taking n solutions
as columns of a matrix we get the Wronski matrix: U(t) = (¢1(t),...,¢n(t)). The

determinant of U(t) is called the Wronski determinant

W(U(t)) = det(¢1(t), ..., on(t))-

If det U(t) # 0 then U is called a fundamental matrix solution, i.e its columns are
linearly independent solutions. Every two fundamental matrix solutions U(t), V (t) are
connected by V(t)V (tg) = U(t)U(to) since a solution is uniquely determined by the
initial conditions.

The next theorem shows that it is enough to check det U(t) # 0 for one ¢t € I, i.e.

solutions are linearly independent everywhere if they are independent at some point.

Theorem 3.11. (Liouville’s formula)
t
W(U(t)) = W(U(ty)) exp </ Tr(A(s))ds) :
to
Proof. To prove this result we need the following lemma

Lemma 3.12. (Jacobi’s formula) For a differentiable map A : R — R™ x R"™ we have

ddet(A) dA
EEE — Ti(Adi(4) )

Proof. We start by observing that Y, 3~ A;;By; = Tr(A" B) for any two same dimen-
sional square matrices.

By definition det(A) = 7", Aj;(AdjA"); for a fixed row i. If we consider the de-
terminant as a function of entries: det(A) = F(Ai1,...,Au), it will be multilinear

function of n? independent variables. By chain rule we get

ddet(A ZZ 5 A” (3.6)

Furthermore, by the definition of determinant

OF = 0Ax(AdjA)Y
(9Aij

8Aij N

k=1

where we calculated the determinant by expansion with respect to 7th row. By the

product rule

OF = 0An, . 7 O(AdjA)j,
Ay Z A, (AdjA)iy, + zk:Azk: oA,

Since in calculating (AdjA)~

O(AdJ(A) )i . . . ik
Tij = 0. Since variables are independent we have QTW

; we do not use i’th row and j’th column of A we have:

= 0 where 0/, is
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9 det(A)
3Aij

Kronecker’s delta. Hence, = (AdjA)]; and by inserting in (3.6):

ddet(A) =) ) (AdjA)[dA;; = Tr(Adj(A)dA)

where we used the identity from the beginning of the proof. O

For proving Liouville’s formula we will use Jacobi’s formula:

ddet(U) o dU

o = WAadjU)—)
= Tr(Adj(U)AU)
= Tr(UAdj(U)A)
= det(U) Tr(A).
Solving this equation gives us the desired identity. O]

We return to the general system
() = A(t)x(t) + b(t); Ae C(I,R"xR"), be C(I,R") (3.7)

Since the difference of two solutions of the non-homogeneous system solves the corre-
sponding homogeneous system we conclude that solutions of non-homogeneous systems
form n dimensional affine space over the solutions of the corresponding homogeneous

linear equation. It therefore suffices to find one particular solution. Put:
x(t) = T(t, to)e(t); c(to) = z(ty) = xo.

This method is known as variation of constants. By inserting this into our equation,
we calculate (t) = A(t)z(t) + II(t, to)c(t) giving: ¢(t) = TI(¢, o) 'b(t). Solving this
equation and plugging into the initial yields:

Theorem 3.13. The solution of system x(t) = A(t)x(t) + b(t) corresponding to the

initial condition z(tg) = xo is given by

x(t) = TI(¢, to)xo + /tH(S,t)_lb(s)ds,

to

where I1(t, to) is the principal matriz solution of the corresponding homogeneous system.
The above theory can be used in solving linear equations of order n,
2™ 4 g, ()Y 4 g (D) E + qo(t)r =0 (3.8)

where ¢;(t) are continuous functions. A solution is uniquely determined by initial
conditions: x()(ty) = x; and as in case of constant coefficients we rewrite into a linear

system:
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0
0 1
A(t) =
0 1
—(Jo(t) —Q1(t) cee e —anl(t)
and the principal matrix solution is given by
¢1(t7t0) e ¢n(t7t0)
tt N (X
S
V(o) o oVt k)

where ¢;(t, 1) is solution corresponding to the initial condition
(z(to), &(to) - ..,z V(ty)) = J;.
As a consequence of Theorem 3.13 we have

Theorem 3.14. The solution of a nonhomogeneous equation

2 goa (2" ()7 + go(t)z = b(t)

satisfying initial condition x(ty) = o, #(to) = x1,..., 5"V (ty) = 2,_y is given by

x(t) = od1(t,to) + -+ + Tu10n(t, o) + / On(t, )b(s)ds,

where ¢j(t,ty), 1 < j < n are the solutions corresponding to the initial conditions

(¢i(to, to), - -, d(to, to) V) = §;

Having n solutions fi, ..., f, of (3.8) we define the Wronskian as

Wfeo £ =det | T f;”
AV - e

and Louiville’s formula is W (g1, ..., ¢,)(t) = W (1, .., dn)(to) exp(— ftto —Qn—1(s)ds).



4 Dynamical systems

In this chapter we develop the tools for a different approach to study the behaviour
of solutions of differential equations. We are again interested in the dependence of
solutions on initial conditions. We also study the stability properties of the system. In

order to achieve all this we introduce the notion of a dynamical system.

Definition 4.1. A dynamical system is a triple (7, X, ®) where T is a time set, X

is the state space and ® = {¢'},cr is the family of operators

® : TxX X
(t,z) = ¢'(x)

satisfying

¢'(¢°(x)) = ¢ (x)
’z) = =

If T is a group we say that the system is invertible. Dynamical systems with 7" = N
or T' = Z are called discrete dynamical systems. The systems for T =Rt or T =R

are called continuous dynamical systems.

Example 4.2. A typical example of a discrete dynamical system is an iterated map.

Let f be a map of a set [ into itself and consider

¢"(f)=f"=f(f"), T =N

An example of a continuous dynamical system is a homogeneous linear differential
equation & = Az. We have ¢' := e4* : R" — R" i.e.

¢'(x) = eMz, t €R.

4.1 The flow of an autonomous equation

In this section we have a closer look at the solutions of an autonomous system
&= f(x), (0) = o, (4.1)

24
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where f € C¥(M,R"),k > 1 and M is an open subset of R™.
Such a system can be regarded as a vector field on R". Solutions are curves in M C R"
which are tangent to this vector field at every point. Solutions are called integral curves
or trajectories.
We say that ¢ is an integral curve at zg if it satisfies ¢(0) = zo. By Theorem 2.17
there is a (unique) maximal integral curve ¢, at every point x defined on a maximal
interval I, = (T_(x), T4 (x)). We call Ty and 7" the positive and the negative lifetime
of x, respectively. We say that x is 0 complete (o € {—,+}) if T, = ooo. If it is both
+ complete it is called complete.
By introducing the set

W=|JLx{z}cRxM (4.2)

zeM

we define the flow of our differential equation to be the map
W — M; (t,z) — o(t, x), (4.3)

where ¢(t,z) is the value at time ¢ on the maximal integral curve at x. We will also
use the notation ®;(z) = O(t, ).

If ¢(.) is the maximal integral curve at x then ¢(. + ) is the maximal integral curve at
y=¢(s)and [, = s + [, = {t|t = s+ t1,t1 € I,}. Hence, we conclude that for z € M

and s € I, we have
O(s+t,x) =d(t,P(s,x)), Vt € I, — s. (4.4)
In conclusion, we have the following theorem.

Theorem 4.3. Suppose that we have an IVP of the form (4.1). For all x € M there
exists an interval I, C R containing 0 and a corresponding unique maximal integral
curve ®(t,x) € CF(I,, M) at x. Moreover, the set W defined in (4.2) is open and
® € CK(W, M) satisfies ®(0,z) =z and

O(s+t,x) = P(t, P(s,2)), z€ M, s,t+se€l,.

Proof. Regarding previous observations, we are left to show that ® € C*(W, M). Fix
a point (g, to) and set v = &, ([0,10]). By Lemma 2.11, since f € C*(M,R"), there is
a neighborhood (—e¢(x),€(z)) x U(x) of (0,x) for every point = € vy such that ® € C*
on this neighborhood. Since 7 is compact we can cover it with finitely many of the
neighborhoods U(x) and by choosing minimal e corresponding to that cover we get
that & is defined on (—¢,€) x Uy where Uy is open neighborhood of . Next we pick
m € N satisfying 2 < e and define K : Uy - M,K(z) = ®(£,2). Observe that
K € C*(Uy, M) since ® is locally C*. By iterating K we get that K7 € C*(U;, M),0 <
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j <m,U; = K7 (Uy) C Up. None of the sets U; is empty since zp = K7 (®(L2),z) €

m

v C Uj. In summary,
O(t,x) = B(t — to, ®(ty, ) = ®(t — to, K™(x)) € C*((to — €,t0 + €) X Uy, M)
Since (tg, r9) was arbitrary we get that ® € C*(W, M). O

Furthermore, by taking s = —t and ¢t = —s in (4.4) we get that ®,(.) is a local
diffeomorphism with inverse ®_4(.). Therefore, ® is a local one-parameter group of
diffeomorphisms.

If the vector field f is complete then ®(s,-) : M — M is an automorphism of M.

The definition of the flow of an autonomous equation allows us to define generalization

of Liouville’s formula from Theorem 3.11.

Theorem 4.4. Let & = f(x) be a dynamical system on R™ with the corresponding
flow ®(t,x). Let U be a bounded, open subset of R". Denote by U(t) = ®(t,U) =
{®(t,z),z € Ut € I,} the flow on the set U and its volume by V (t) = fU(t) dx. Then

V(t) = / div(f(z))dz. (4.5)
U(t)
Proof. By the change of variable formula we have
V(t) = / i — / det(D, (1, z))dz (4.6)
U(t) U

where D, ®(t, ) is the Jacobian matrix of function ®(¢,z). Since ®(¢,x) is a solution
of & = f(z) we have f(®(t,x)) = ®(z,t) and after differentiation of both sides with
respect to = we have that I1,.(¢t) = D,(®(t, x)) satisfies

IL(t) = Df(®(t, )L (t)

and hence D,®;(x) is a solution of the matrix linear equation X = Df(®(t,z))X. By

Liouville’s formula we have

det(D,®(t,x)) = det(D,P(0,z)) exp (/Ot div(f(@(s,:r)))) = exp (/Ot div(f(@(s,:r))))

since det(D,®(0,z)) = I and Tr(Df(z)) = div(f(z)).
By putting this in (4.6) and differentiating we get

V() :/Udiv(f(Q)(t,x)))det(DxQD(t,a:))dx

Applying the change of variable formula one again yields the desired result. O]
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4.2 Orbits and invariant sets

In this section we introduce some necessary terminology for studying the flow of an

autonomous system.

Definition 4.5. The orbit of z is defined as vy(z) = ®(I, x {z}) € M. The for-
ward /backward orbit of x are defined as: i (x) = ®((0,7%(x)) x {z}).
If v(z) = {x} then z is called a fixed point (a steady state or an equilibrium).

Otherwise, x is called regular.

Remark 4.6. By Theorem 4.3 if y € y(x) then vy(z) = v(y). Hence, two orbits either

coincide or are disjoint.

Away from fixed points all vector fields locally look the same.

Lemma 4.7. (Straightening out of vector fields) Let f(xo) # 0. Then there is a local
coordinate transform y = @(x) such that & = f(z) is transformed to y = (1,0,...,0).

Proof. Without loss of generality we can suppose xo = 0 and f(0) = d; = (1,0,...,0)
since otherwise we can linearly change coordinates to obtain these conditions. The

desired function ¢ should satisfy

o(P(t,(0,xa,...,2,))) = @(o(t)) = y(t) = (0,29,...,2,) +t(1,0,...)

where ¢ is integral curve at (0, zs,...,z,). Hence ¢ should be the inverse function of

V((z1,. .. x,)) = P(x1,(0,29,...,2,)). Using the chain rule we obtain the Jacobian

o 0% 0P

. B T 8P _
matrix of — at z = 0 as (W’%“"%> li—0e—0 = I since §[o—0—0 = I, and

- ox

§|t=07x:0 = f(o) = 01.
Jacobian determinant is non-zero and hence by inverse mapping theorem 1) is a lo-
cal diffeomorphism with y = ¢~!(z) Furthermore, we have: 225, = % = f(¥(x))
and finally our vector field in new coordinates satisfies: y = (g—f)*”y:w%)x' =

(Z8) omp f(x) = b1 0

Definition 4.8. We say that x € M is a periodic point of ® if there is some T > 0
such that ®(7,z) = x. The minimal of all such T is called the period of z, that is
T(xz) = inf{T > 0|®(T,x) = z}. By continuity of ® we have ®(7T'(x),x) = = and by
property of flow ®(t + T'(x),z) = ®(¢,x). Hence, if one point on an orbit is periodic,

than every point is periodic. Such orbits are called periodic orbits.

From the above definition it follows that v(x) is periodic iff v_(z) N vy (z) # 0 and
hence periodic orbits are also called closed orbits.

As a consequence of Corollary 2.19 we have the following lemma.
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Lemma 4.9. Let x € M and suppose that the forward (backward) orbit lies in some

compact set C'. Then x is + (respectively -) complete. A periodic point is complete.
Another notion of special interest is defined in sequel.

Definition 4.10. A set U is called 0 € {+, —} invariant if 7,(z) C U,V € U and

invariant if it is both 4 invariant.

By the above lemma, if C' C M is a compact ¢ invariant set then all points x € M are
o complete.

The next lemma gives some useful properties of ¢ invariant sets.

Lemma 4.11. Arbitrary intersections and unions of o invariant sets are o invariant.
The closure of o invariant set is o invariant. If U,V are two invariant sets then U/V

18 also invariant.

Proof. The first proposition is obvious from definition. To prove the second take x € U
and a sequence {z,} € U such that z,, - x. Fix ¢t € I,. Since W is open, there exists
a N € N such that t € I, for n > N and ®(t,x) = nh_)rgo ®(t,z,) € U. To prove the
third proposition, take x € U/V. Then, if y € v(x) NV # () by property of orbits and
invariance of V, we have v(y) = v(z) C V which is contradiction with ¢ V. Hence,
v(z) e UJV. O

One of our main aims is to describe the long-time dynamics of solutions. For this we

next introduce the set where an orbit eventually accumulates.

Definition 4.12. The wy—limit set of z, denoted by w(x) is the set of all points
y € M for which there exists a sequence t,, — +oo such that ®(¢,,x) — y. Clearly,
w, is empty unless z is o complete. If y € y(z) then wy(z) = wi(y) since ®(t,,y) =
O(t, +t,x) for y = O(¢, x).

Remark 4.13. The w_ set is also called « limit set in some of the literature, whereas

the w, set is called w limit set.
Lemma 4.14. The set wy(x) is a closed invariant set.

Proof. Take y in closure of w4 (x), meaning that there is v, — v, yn € wi(z) with
ly—yn| < 1/(2n). Since y,, € wx(x) thereis ¢, — Fo00 such that | (¢, z)—y,| < 1/(2n).
Then, by triangle inequality |®(t,,2)—y| < 1/n and we have y € wy(z). f O(t,,z) =y
then ®(t, + t,x) = ®(t, ®(t,,z)) — P(t,y), confirming that ®(t,y) € wi(x),Vy €

wx(x),Vt € I, and wy () is invariant. O

Lemma 4.15. If v,(x) is contained in some compact set, then w,(x) is non-empty,

compact and connected.
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Proof. By Lemma 4.9, x is o complete so there exists a sequence ®(t,,, z) with t,, — ooc.
By compactness we have a convergent subsequence and hence w,(x) is non-empty. It
is compact as a closed subset of compact set. If it is disconnected, we can split it
into two disjoint closed sets wy 2. Let § = dist(wy,wz). Taking all points that are on
a distance at most J/2 from these sets we obtain two disjoint neighborhoods U; 5 of
w12 respectively. Now we choose a strictly monotone sequence ¢, — coo such that
O (tams1,x) € Uy and P(toy,, z) € Us. By connectedness of @ ((tam, tom+1), ) we can
find toy, < tm < tomi1 such that ®(t,,, z) € O\ (U;UU,). Since C'\ (U, UUs) is compact
we can assume ®(¢,,,7) — y € C'\ (U, UU,). But y must also be in w, () which is a

contradiction. O

A nonempty, compact, ¢ invariant set C' is called minimal if it contains no proper o-
invariant subset possessing these three properties. Note that for such a minimal set we

have C' = w,(z) = w_(z) for every z € C.

4.3 Attracting sets

In this section we generalize the notions of the previous sections to develop the theory
for studying the behaviour of all points starting in some set, which will be important
in study of long-time behavior of the flow of a differential equation. For simplicity, we

assume from now on that the flow is ¢ complete.

Definition 4.16. Let X C M. We define y.(X) = U O(t,X) = U v+(x) and
+t>0 zeX
we(X)={y e M|3t, = 00,2, € X : O(t,, x,) = y}.

We observe that 7,(X) is an invariant set, whose closure is a closed invariant set by

Lemma 4.11 and that we have U We () C we(X).

zeX
We can say more about the set w,(X) to get an analogous statement of Lemmas 4.11

and 4.14.

Lemma 4.17. The set w,(X) is a closed invariant set given by

w(X)=20%E)=(] U @

at>0 ot>0 o(s—t)>0

Proof. We prove only ¢ = + case. Since ®(¢,.) is a diffeomorphism we have

D(t, 74 (X)) = (¢, 74 (X Ufb (s, X).

To prove that (5o ®(t,7+(X)) C wy(X) we take y € (5o ®(¢,74(X)). Then, by
definition, for every n € N we can find some y,, = ®(n + s,,z,) € ®(n,v4+(X)) such



Rajkovié M. Dynamical Systems with an Application in Mathematical Biology.

Univerza na Primorskem, Fakulteta za matematiko, naravoslovje in informacijske tehnologije, 2016 30

that y, — y. Setting ¢, = n+ s, we have found a sequence t,, — oo with ®(¢,,, x,) — y
showing that y € w, (X).

In the other direction, for y € w,(X) we have a sequence ¢, — oo and {z,,} € X with
Y = O(tn, 2,) — y. Then y, € O(t, 74 (X)) for t,, > t and thus y € ®(t, 74 (X)) for
every t > 0.

We can prove invariance as in the previous section and w, is then closed invariant as

intersection of closed invariant sets. O

Similar arguments can be used to prove the analogue of Lemma 4.15:

Lemma 4.18. For non-empty set X for which v,(X) is compact, w,(X) is non-empty

and compact. If v,(X) is in addition connected then so is w,(z).
We have finally come to the definition of central importance in this section.

Definition 4.19. For a given invariant set A C M the sets
W=A) ={z € M| lim dist(®(t,2), A) = 0}
—too

are the stable respectively unstable sets of A. The invariant set A is called attracting
if W*(A) is neighborhood of A. In this case the set W (A) is called the domain of

attraction for A.

Moreover, for any positively invariant neighborhood U we have W (A) = U O(t,U).

<0
In particular, W*(A) is invariant and choosing U open we see that it is also open.

We can use theory developed in this section to find attracting sets. We fist introduce

a definition.

Definition 4.20. An open connected set E' with compact closure is called a trapping
region for the flow if ®(t, ) C E for all t > 0.

Lemma 4.21. Let E be a trapping region. Then A := w,(E) = ﬂ@(t,E) is a non-

t<0
empty, invariant, compact and connected attracting set.

Proof. By definition we have ®(t + ¢, E) C ®(¢, E) C ®(¢t, F) giving us

Nt B) = (ot B) = ()t 7:(B)) = wi(E).

t>0 t>0 t>0

Hence, w, (F) is a non-empty, invariant and compact and connected by Lemma 4.18.
To see that it is attracting suppose there were x € F and a sequence t,, — oo with
dist(®(t,, z), A) > € > 0. Then, since ®(t,,r) stays in compact set E we can suppose
that it converges to some y after passing to a subsequence. But then y € w,(z) C

w, (E) which is a contradiction. ]
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To improve the definition of an attracting set, we must ensure that it can not be divided

into smaller attracting sets. To achieve that we pose the following definition.

Definition 4.22. A closed invariant set A is topologically transitive if for any two
open sets U,V C A there is some t € R such that ®(¢t,U) NV # (.

An attractor is a topologically transitive attracting set.

In this way the attractor can not be split into smaller attracting sets. An example of

an attractor is an attracting set containing a dense orbit.
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5 Stability of fixed points

In Chapter 3 we introduced the notion of stability for linear systems. In this chapter
we introduce the notion of stability of fixed points for autonomous systems with the
help of the newly developed theory. This notion will help us to study the long-time

behavior of dynamical systems.

Definition 5.1. A fixed point xy of the equation & = f(x) is called stable if for any
given neighborhood U(xg) there exists some other neighborhood V' (xy) C U(xg) such
that every solution starting in V' (z) stays in U(z) for all t > 0. A fixed point which
is not stable is called unstable.

A stable fixed point z( is called asymptotically stable if there is a neighborhood
U(zp) such that tlirélo|¢(t, x) —xo| =0, Vo € U(x).

Finally, a fixed point g is called exponentially stable if there are constants «, §, C' >
0 such that: |¢(t,x) — x| < Ce™|ax — x|, Vo : |z — 0| <.

Obviously, exponential stability implies asymptotical stability.

Example 5.2. In the previous chapter we discussed stability of the origin for equation
& = Axz. The condition for stability was that all eigenvalues have non-positive real
parts and for those with real part 0 algebraic and geometric multiplicities are equal.
In this case ||exp(tA)|| < C,t > 0 for some constant C', which corresponds to this new
definition of stability.

For asymptotic stability we needed all eigenvalues to have negative real parts. In this
case, for every a < min{—Re(a;)} there is a constant C(a) such that || exp(tA)| <
C(a)e ™, ¢t > 0, showing that in this case we have even exponential stability.

As an example of this, we investigate the most simple autonomous system, the homo-

geneous system of two linear equations,

r = ar+by
y = cx+dy
. . ) a b
The characteristic polynomial of matrix A = ) has two roots, A\; 2. As we have
c

shown in Chapter 3, if the matrix has two generalized eigenvectors of rank one, denoted
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by vy 2, the general solution has the form

(:1:) = cyu1 M 4 couge?t (5.1)
Yy

Otherwise, if vy is of rank one and v, of rank two, the general solution is of the form

<x> = [(c1 + cot)vy + covy] €M (5.2)

Y

We consider the phase portrait of the system in several cases.
1. We first examine the case when both eigenvalues are real and non-zero.

o\ <A <0
In this case the origin is asimptotically stable by Corollary 3.7 and we say

that the origin is a stable node. The phase portrait is depicted on Figure
1 on the left.

e D < Ay < N

In this case the origin is unstable and it is said to be an unstable node.
The phase portrait is the same as on Figure 1 on the left, only the arrows

point in different direction.

o\ =X <0
If we have two eigenvectors of rank one, from (5.1) we see that solutions are
rays passing through the origin and approaching to it as ¢ — oo.

If there is only one eigenvector of rank one, from (5.2) we see that the

solution approach to the origin along eigenvector of rank two.

In both cases we have a stable node.

e 0 < )\1 = )\2
We have similar observation as in the previous case, only that in this case
solutions going away from the origin as ¢ — oo and we have an unstable

node.

o N\ <0< Ay
From the general solution (5.1) we see that for ¢; = 0 the exponential
term decreases and the solution approaches to the origin. Otherwise, the
exponential term by ¢y increases and to solution goes away from the origin.
In this case we say that the origin is a saddle node. Phase portrait is

depicted on Figure 1 on the right.
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\]

Figure 1: The origin as a stable node (left) and as a saddle node (right)

2. We proceed to the case of complex eigenvalues: A\ = a+1i8, o =a—i, 5#0

If v = u + iw is the eigenvector corresponding to A\; we have that solution is of

the form

(m) = e*{ci(ucos ft — wsin Bt) + co(usin Bt + w cos Bt) }
)

For the corresponding values of r; 5 and d; 5 this can be rewritten into

TN _ a7 cos(ft — dy) (5.3)
Y 19 cos(ft — d2).
The vector on the left hand side is a periodic function of ¢ and it represent a

closed curve around the origin.

e In case of a < 0 the exponential term decreases the distance of the curve
from the origin. In this case the origin is asimptotically stable and it is said

to be a stable focus or a sink. Phase portrait is depicted on Figure 2.

e In case of @ = 0 we have closed curves as solutions and the origin is said to

be a center.

e In case of @ > 0 the exponential term increases the distance of the curve
from the origin. In this case the origin is unstable and it is said to be an
unstable focus or a source. Phase portrait is the same as on Figure 2

only the arrows point in different direction.
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Y

Figure 2: The origin as a stable focus

3. We are left with cases when the determinant of the matrix is equal to zero.

e N\ =0, >0
In this case from 5.1 we see that solutions are rays starting on v; and having
the direction vy. For t — oo the solution approaches to c;v; and every fixed
point of the system is asimptotically stable.

e \i =0, >0
We have similar observations as before, only in this case solutions are going

away from the starting point and every fixed point is unstable.
® )\1 = )\2 =0
: : L . 0
In this case the matrix A is similar to the matrix B = 00 and from

solution of the system & = Bx we see that in this case we have lines parallel
to the r—axis as solutions. Stationary point are all points on z-axis and
they are unstable. In general example, solutions are parallel lines and fixed

point are points on the lines passing through the origin.

5.1 Local behaviour near fixed points

Our aim in this section is to show that a lot of information on the stability of a flow

near a fixed point can be inferred from the linearization of the system around the fixed
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point. On these linearized systems we will be able to apply the results from Section
3.1.

We start with an autonomous system

i = f(x) (5.4)

where f € C¥(M,R") for k > 1 and M is an open subset of R".
By Taylor’s theorem, every function f € C! can be written in some neighborhood of

some point x( as:
f(@) = f(zo) + A(z — 20) + 0|2 — T0])

where A is the Jacobian matrix of f at xy. If xy is a regular point of (5.4) we can
straighten out the vector field near xy by Lemma 4.7 to get some information on the
flow near this point. If xq is a fixed point we can write f(z) = A(z — zo) + o(|x — x¢|)

and first observe the linear autonomous system
T = Ax. (5.5)

However, most of our results will hold only for systems for which none of the eigenvalues
of matrix A has a zero real part. Such systems are called hyperbolic and fixed points
are hyperbolic fixed points.

The first result that connects the starting system with its linearization is:

Lemma 5.3. Let z¢ be a fized point of the autonomous system in (5.4) and A its
Jacobian matriz at xo which gives the linearized system in (5.5). Then we have one of

the following cases:

(i) If (5.5) is asimptoticaly stable then xy is an asimptoticaly stable fixed point of
(5.4).

(ii) If there is some eigenvalue of matrix A with a positive real part then xy is an

unstable fixed point.

(111) If all eigenvalues of matriz A have non-positive real parts and there is at least
one with vanishing real part, we do not have information on stability of xo from

linearization.

Motivated by the linear case we can define for the fixed point x( of equation (5.4) the
stable and the unstable set as the sets of all points converging to xy for ¢ — oo and

t — —o0, respectively.

W=(xo) = {x € M| tLirinoo |®(t, x) — x| = 0}.



Rajkovié M. Dynamical Systems with an Application in Mathematical Biology.

Univerza na Primorskem, Fakulteta za matematiko, naravoslovje in informacijske tehnologije, 2016 37

Both sets are obviously invariant under the flow.

Furthermore, motivated by existence of stable and unstable manifolds for linear first
order autonomous systems defined in Section 3.1 we will define their counterparts for
general autonomous system.

Since our result is of local nature we fix a neighborhood U(zy) of zy and define:

Mia(xo) = {z|v+(z) C U(xo) A sup ei“t@(t,x) — xp| < oo}
+¢>0

to be the set of all points which converge to x5 with some exponential rate a > 0 as
t — #o0o. This is the counterpart of E¥%: the space spanned by all eigenvectors of A

corresponding to eigenvalues with real part smaller/larger than a.

Definition 5.4. We define the local stable and respectively unstable manifolds of a
fixed point zy to be the set of all points which converge exponentially to xg as t — 0o
and t — —o0, respectively:
M* () = | M** (o)
a>0
Both sets are + invariant under the flow by construction.
The relation between above defined notions for system (5.4) and its linearization (5.5)

is given in the following theorem.

Theorem 5.5. Consider a system of the form (5.4) with xo as a fized point for its flow

and its linearization (5.5). With notation as introduced above, we have:

(i) M*(xq) are smooth manifolds
(ii) E* is tangent to M*(zq) at xg
(i) if o is a hyperbolic fived point then M=~ (o) = W (z0).

Finally, we state the theorem that shows the real nature of similarity of a local flow

near a fixed point for hyperbolic systems and the flow of its linearization near origin:

Theorem 5.6. (Hartman—Grobman) Suppose f is a differentiable vector field with 0
as a hyperbolic fized point. Denote by ®(t,x) the corresponding flow and by A the
Jacobian matriz of f at 0. Then there is a homeomorphism p(x) = x + h(z) with
bounded function h such that

po e =0,0 %)

i a sufficiently small neighborhood of 0.

This shows that the orbits near a hyperbolic fixed point are locally just continuously
deformed versions of their linear counterparts.
Proofs of Theorem 5.5 and 5.6 can be found in [10].
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5.2 Liapunov method

In this section we present a very useful method to determine stability of a fixed point.
It is based on the observation that for stable fixed points the distance to every orbit
starting in some region is bounded and for asimptotically stable point it even converges
to zero. This raises the idea of finding a function which has opposite direction from

function f on solution curves:

. d
grad(L)(4(t, 2)) f(¢(t, 2)) = grad(L)(é(t, 2))(t, x) = — L(¢(¢, 2)) < 0.
Hence we are looking for a function that will be non-increasing along solution curves.

This condition will suffice even in case when we cannot calculate the gradient.

Definition 5.7. For a fixed point zy of (5.4) and its open neighborhood U(x), a
Liapunov function L : U(zy) — R is a continuous function such that: L(xg) =
0,L(z) > 0,z # xo and L(¢(to)) > L(o(t1)), to < t1,¢(t;) € U(xg)/xo for any solution

o(t). Tt is called a strict Liapunov function if equality never occurs.

To make use of Liapunov functions we work with its sublevel sets. Let Ss be the

connected component of {x € U(zg)|L(z) < 0} containing z.
Lemma 5.8. If Ss is closed, then it is positively invariant.

Proof. Suppose ¢(t) leaves S5 at ty with © = ¢(ty). Since Ss is closed z € S5 C U(xo)
and since U(zy) is open there is a ball B, (z) C U(z) such that ¢(to+¢) € B,(z)/Ss for
some € > 0. Then, since Ss is full connected component we have L(¢p(tg+€)) > § = L(z)
since otherwise we could extend S; by adding ¢([to, o + €]). This contradicts to non-

increasing property. [
Moreover, Ss is a neighborhood of zy which shrinks to a point when § — 0.
Lemma 5.9. For every § > 0 there is an € > 0 such that: S. C Bs(xg) , Be(xg) C Ss.

Proof. 1f the first claim were false, for every n € N we would have z,, € S/, such that
|#,, — 29| > §. Since Sy, is connected we can take |z, — 29| = ¢ and by compactness
of Bj(xy) we have convergent subsequence x,, — y. Then by continuity L(y) =
mIEI;OL(%m) =0, implying y = xo. This contradicts |y — zo| = 4.

If the second were false we could find a sequence z,, such that |z, — x¢| < 1/n and
L(z,) > d. But then § < lim L(x,) = L(x¢) = 0 which is an obvious contradiction. [J
n—oo

As a simple consequence of the above lemma we have:

Theorem 5.10. (Liapunov) A fized point xq for which there exists a Liapunov function
L is stable.
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Proof. By the above lemma, for any given neighborhood V' (z() we can find an € > 0
such that S. C V(xg) is closed (if it shares common boundary with V' (zy) we can

decrease €) and hence positively invariant. O]
Under some additional conditions we can claim asymptotic stability.

Theorem 5.11. (Krasowski-LaSalle Principle) A fized point xo of (5.4) for which
there exists a Liapunov function L which is not constant on any orbit lying entirely in

Ul(xg)/{zo} is asymptotically stable. Moreover, every such orbit converges to x.

Proof. Take x such that ¢(t,x) € U(zo),t > 0. Then the limit tliglo L(¢p(t,x)) = Lo(x)
exists by monotonicity. For y € w,(z) we can take t,, — oo such that ¢(t,,x) — v.
Then by continuity of L: Lo(z) = lim L(¢(t,,z)) = L(y) giving that L(y) is constant
for y € wy(x), for arbitrary x. Sir;l(;ooL is not constant on any orbit and z is stable,
we have that w, (z) = o for any x such that ¢(t,x) € U(xg),t > 0. O

We can use the same proof for generalization.

Theorem 5.12. Let L : U — R be continuous and bounded from bellow. If for some
x we have v (x) C U and L(¢(ty,x)) > L(o(t1,x)),to < t1, then L is constant on
wi(z)NU.

Function L satisfying above conditions is also called Liapunov function.
Most of Liapunov functions are differentiable. For these functions we can rewrite non-

increasing condition the expression from start of section:

d .

S Lot ) = grad(L)(9(t, 2))o(t, ) = grad(L)((t, 2)) f(4(t, 7)) < 0.

The expression gradL(z) f(z) is called the Lie derivative of L along the vector field
f. A function for which the Lie derivative vanishes is constant on every orbit and is
hence called a constant of motion. We also note that in case of a strict Liapunov

function its level sets are smooth manifolds by the implicit function theorem.
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6 Planar Dynamical Systems

In this chapter we focus on dynamical systems in R?. We state certain results that
explain why solutions in R? behave quite regularly and allow us to classify the possible

w—limit sets for planar systems.

6.1 The Poincaré map

In this section we present a useful method to study dynamical systems based on in-
tersections of a periodic orbit with lower-dimensional subspace, called a Poincaré
section. More precisely, one considers a periodic orbit with initial conditions within
a section of the space, which leaves that section afterwards, and observes the point at
which this orbit first returns to the section. We map first point to second with a map
called Poincaré map or First recurrence map.

We start with the following definition.

Definition 6.1. A set ¥ C R” is called a submanifold of codimension one (i.c.
its dimension is n — 1), if it can be written as ¥ = {x € U|S(z) = 0} where U C R" is
open, S € C*(U) and 42 # 0 for all z € ¥.

Y is said to be transversal to the vector field [ if %f(x) # 0 for all x € .

Since g—i is orthogonal to the tangent plane of . at every point, the direction of f does
not lie in this plane on any point and since f is continuous it does not change direction

with respect to X.
The next lemma proves existence of Poincaré map.

Lemma 6.2. Suppose x € M andT € I,. Let ¥ be a submanifold of codimension one
transversal to f such that ®(T,x) € 3. Then there exists a neighborhood U of x and
7€ CHU) such that 7(x) =T and ®(7(y),y) € ¥ for ally € U.

Proof. Consider the equation S(®(t,y)) = 0 which holds for (7, x). By transversality
of S to f we have: 25(®(t,y)) = 25(@(t,y))f(®(t,y)) # 0, for (¢, y) in a neighborhood
I x U of (T,x). Then, by implicit function theorem, there is a mapping 7 € C*(U)
such that for all y € U we have S(®(7(y),y)) = 0 i.e. ®(7(y),y) € %. O

We finally define the Poincare map.
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Definition 6.3. If = is periodic and T' = T'(z) is its period, then Px(y) = ®(7(y),y)
is called the Poincare map. It maps X into itself and every fixed point corresponds to

a periodic orbit.

6.2 The Poincare—Bendixson Theorem

In this section we explain regular behavior of solutions in R? and classify the possible
w—limit sets for planar systems. We first present an important fact that differs R?
from R", for n > 3.

Theorem 6.4. (Jordan curve theorem) Every Jordan curve J (i.e. homeomorphic

image of the circle S*) dissects R? into two regions.

Let M C R? and f € C'(M,R?) be given. By an arc ¥ C R? we mean a submanifold
of dimension one given by a smooth map ¢ — s(t) with s(¢) # 0. Using this map > can
be ordered. For each regular x € M, we can find a small arc X containing x transversal
to f.

Given a regular point o € ¥ we can define the point of subsequent intersection of
Yo(x0) with ¥ by z, = ®(t,,z9), n € Ng. This set can be finite or infinite but if
it is infinite we have ¢, — T,(z¢). Otherwise, if t, — T # T,(xy) we have that
Yy = th_)rr% ®(t,x) is finite and regular and hence we can straighten the vector field near
y to get that the difference between two consecutive points does not converge to 0,

giving us a contradiction.

Lemma 6.5. Let xy be a reqular point and Y. a transversal arc containing xo. Denote
by x, = ®(t,, ), ordered according to t,, the sequence of intersections of v, (xq) with
Y. Then {z,} is monotone with respect to order of ¥.. In other words, all points x,, are
from the same side of xg and x,11 1s on the opposite side of x, from x, 1.

>
Zo

Figure 3: Proof of the Lemma 6.5
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Proof. Tt is enough to consider 0 = + case. If 2y = x; we are done. Otherwise,
consider the curve J from zy to z; along ~, (z¢) and part of > C X from z; to x, as it
is depicted in Figure 3. This is the image of a continuous bijection from S and hence
it is a Jordan curve giving M/J = M; U My, where M, M, are connected. Because of
transversality, f never changes sign on 3. So, v+ (1) enters either M; or M, and stays
there since it can not cross neither 3 neither the orbit from Ty to x1, since xy is not
periodic.So, either v, (x1) C My or 4 (x1) C Mo, i.e. either xy < x; and 4 (z1) stays
in the component with points = > z, or xy > x; and v, (x1) stays in the component

with points z < x;. Iterating this procedure proves the claim. O]

Next, we can approximate every y € X Nw,(z) by a sequence Z,, € ¥ N~v,(z). In fact,

choose t, — ooo such that z, = ®(¢,,xz) — y. Then
I = Bt + 7(2n), ) = ©(7(20n), 20) = B(7(y),y) =y

by continuity of ® and 7 and ®(7(x,,),x,) € X, where 7(z) is constructed as in Lemma
6.2 for x =y, T = 0.

Corollary 6.6. Let ¥ be a transversal arc. Then w,(x) intersects ¥ in at most one

point.

Proof. Suppose there exist two such points y;, y2 € XNw,(z). Then there are sequences
T, Ton € LNV, (2) converging to y1, Yo, respectively. However, both of these sequences

are monotone by Lemma 6.5 and hence we have a contradiction. [

Corollary 6.7. Suppose w,(x) Ny,(x) # 0. Then x is periodic and w_(z) = wy(z) =
().

Proof. By assumption there is an y € w,(z) N v,(x). Then vy(z) = v(y) = w,(x) by
property of orbits and invariance of w,(z). If y is fixed then v(z) = {y}, thus =z = y
and z is fixed, i.e. periodic. If y is regular, we pick a transversal arc containing vy,

together with a sequence x, € ¥ N~,(x) C X Nw,(z) converging to y. Then by the

previous lemma z,, = y constantly and ~(z) is periodic. O]
Corollary 6.8. A minimal compact c—invariant set C' is a periodic orbit.

Proof. Take © € C. Then wy,(x) = C by minimality and hence w,(z) N7, (z) # 0.

Therefore x is periodic by the previous corollary. O]
Now we are ready to prove the first important fact about w, sets.

Lemma 6.9. (Poincare-Bendizson Theorem) If w,(x) # 0 is compact and contains no

fixed points, then it is a regqular periodic orbit.
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Proof. Let y € w,(z) and take z € w,(y) C wy(z) which is not fixed by assumption.
Then there exists a transversal arc o containing z and y, — z with y, € ¥ N, (y). By
invariance of w,(x) we have y, € ¥ N v,(y) C ¥ Nw,(z) = {z} by Corollary 6.6 and

hence y,, = z and hence w,(z) is a regular periodic orbit. O]
We now give few lemmas to generalize the above proposition.

Lemma 6.10. Suppose w,(x) is connected and contains a regular periodic orbit v(y).
Then wy(z) = v(y).

Proof. If w,(x)/v(y) # 0 then by connectedness there is a point § € v(y) such that we
can find a point z € w,(z)/v(y) arbitrarily close to g. Since y(y) is a regular orbit we
can pick a transversal arc ¥ containing y. By Lemma 6.2 we can find 7(z) such that
O(7(z),2) € ¥. In that case we have ®(7(2),2) € ¥ Nwy(z) = {y} by Corollary 6.6,

thus z € v(y), contradicting our assumption. O

Lemma 6.11. Let x € M and suppose wy(x) are compact. Let x4y € wy(z) be two

different fized points. Then there exists at most one orbit ¥(y) C wy(x) with

we(y) = x4.

Proof. Suppose there are two such orbits v(y ), ¥(y2). Since tgrinoo O(t,y;) = x4+ we can
extend ®(t,y;) to the continuous function on R U {£oo} by ®(+o0,y;) = 2. Hence
the curve J from z_ to z; along 7(y1) and back from x, to z_ along 7y(ys), as in
Figure 4, is a Jordan curve. Writing M/J = M; U My we can suppose x € M;. Pick
two transversal arcs Y, Yo containing yi, y2, respectively. Then 7, (x) intersects 3; in
some points z;. Now consider the Jordan curve from y; to 21 to 2o to yo to x, and
back to y; (along 31, v,(x), X2, v(y1), ¥(y2)). It dissects M; into two parts N; and
Ny such that 7, (21) or 7,(22) must remain in one of them, say No. But then v,(z) can

not return close to points of v(y;) N Ny, contradicting our assumption. [

In other words, this lemma says that there cannot be two different orbits with same
w, limit sets represented by two different fixed points. However, it allows possibility of

having two orbits v(y;) and v(y2) and two different fixed points x4 with
i P = s, i ) =

On the other hand, for two different fixed points x4 there can be a solution ¢(t)
satisfying lim; ,4+., = 4. Such solution is called a heteroclinic orbit. If x_ = x,
then the solution is called a homoclinic orbit.

These preparations now yield the following theorem.



Rajkovié M. Dynamical Systems with an Application in Mathematical Biology.

Univerza na Primorskem, Fakulteta za matematiko, naravoslovje in informacijske tehnologije, 2016 44

31

Tt

Yo

Figure 4: Proof of the Lemma 6.11

Theorem 6.12. (generalized Poincare—Bendizson) Let M be an open subset of R? and
f e CHM,R?). Firx € M, 0 = £ and suppose w,(x) is compact, connected and

contains finitely many fixed points. Then one of the following cases holds:
(i) wy(x) is a fixed point,
(ii) wy(x) is a regular periodic orbit,

(iii) wy(x) consists of finitely many fized points {x;} and non-closed orbits v(y) such
that wy(y) € {x;}.

Proof. Tf w,(x) contains no fixed points it is a regular periodic orbit by Theorem 6.9.
If it contains at least one fixed point, but no regular points, we have w,(z) = {z1}
since fixed points are isolated and w, () is fixed.

Now let us suppose that it contains both fixed and regular points. Let y € w,(z). We
will prove that w,(y) does not contain regular points. Let z € w,(y) be regular. Take
a transversal arc ¥ containing z and a sequence y,, — 2, y, € X N7(y). By Corollary
6.6 v(y) C wy(x) can intersect ¥ only in z. Hence y, = z and ~(y) is regular periodic.
Now Lemma 6.10 implies 7(y) = w,(x) which is impossible since w,(z) contains fixed

points. ]

Using the invariance of the domain bounded by a periodic orbit, one can show that the
interior of every periodic orbit, contains at least one fixed point.

Of special interest are periodic orbits which attract other orbits. Such orbits are called
w, limit cycles (depending on whether they are positive or negative limit sets). The

above presented theory allows us to tell something about such orbits in planar systems.

Lemma 6.13. Let v(y) be an isolated reqular periodic orbit (such that there are no
other periodic orbits within a neighborhood). Then every orbit starting sufficiently close

to v(y) will have either w, = v(y) or w_ = y(y).
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Proof. Choose a neighborhood N of v(y) that does not contain other periodic orbits
and a transversal arc ¥ containing y. Consider zy € Y outside of N, the domain
bounded by ~(y). If this point is sufficiently close to y, then by continuity of function
7 from lemma 6.2 its positive orbit will stay in /N and intersect ¥ in x;. Without loss
of generality we can take that z; is closer to y than z, (otherwise we can reverse time).
We use monotonicity proven in lemma 6.5 to see that the positive orbit of x; will stay
in M;/N; C N and in limit the entire set w, (x) will stay in this area. Since this area
does not contain other periodic orbits than ~(y), nor fixed points, nor regular orbits,

we must have w, (z) = y(y). O

Furthermore, from the above proof we notice that the set of points whose positive/negative
orbits converges to some limit cycle v(y), excluding y, is and open set. This fact ex-
cludes the possibility of existence of a periodic orbit if we have a Liapunov function
which is not constant on any orbit, since in that case all orbits near the fixed point
inside of the periodic orbit would converge to that point, and not to the orbits.

We can give one more simple criterion for non-existence of periodic orbit.

Lemma 6.14. (Dulac criterion) Let R be a simply connected region in R? and p(x,y) €
CH(R) such that div(pf) # 0 almost everywhere on R. Then the system

(@, 9) = f(z,y) = (fi(z,y), fo(z,y)) (6.1)

has no periodic orbits nor homoclinic orbits lying entirely in R.

Proof. Without loss of generality we can suppose that div(ef) = sof Beh) | (Wc 2 >0

almost everywhere. Let C' be periodic orbit and D its interior. Then by Green S

theorem:

0= // el gf)dxdy = ]{(—wfzda: + pfidy) = 7{ p(—gyiadt + iydt) = 0
¢ c

since C'is a solution of (6.1). Thus, we have an obvious contradiction with the existence

of a periodic orbit in R. O
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7 An example in Biology —

Competitive exclusion

In this chapter we present an example of an application of the theory developed
throughout previous chapters. Some of the best examples of using mathematical mod-
elling can be found in biology where one tries to explain and predict behaviour of

different biological subjects.

7.1 Motivation

The ecological principle of competitive exclusion asserts that two species cannot indef-
initely occupy the same niche. The classical example is given by Volterra in [11] who

considered a system of n consumers with densities x; and a resource R:

d
CZZ = zi(wR— o) (7.1)
R = Ry — Fla,. .., a0) (7.2)

where 7; > 0 relates increased resource abundance to increased growth of species ¢ and
o; > 0 is the per capita death rate of individuals of species 7. Here, F' is an unbounded
increasing function of the population densities with F'(0,...,0) = 0. If we substitute
(7.2) in (7.1) and write €; = v; Ryae — 0; We get Volterra’s original equations:
dx;
dt
Volterra showed that, as t — oo, the species with largest 7;/¢; will approach a finite

=z (6 —viF(x1,...,2,)),i=1,...,n.

non-zero density and the remaining species will approach extinction, assuming that
¢; > 0 and z;(0) # 0 for the winning species.

Such a system is an example of a linear abiotic resource model. It is linear because
the specific growth rates of the competitors are linear functions of resource densities
and it describes an abiotic resource because the resource abundance changes according
to an algebraic relationship. Furthermore, this model has several more simplifying

assumptions:

(i) The organisms under consideration are "simple” in the sense that the dynamics of
the system can be adequately described by the species densities x;. Complications

arising from age structure or physiological state are assumed unimportant.
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(ii) The species interact only through the resource, so that their specific growth rates

are functions of R alone, not of the z;.

(iv) The system under consideration is spatially homogeneous.

Ever since Volterra’s original example there were attempts to state the principle of
competitive exclusion as a theorem and generalize it to the case of n consumers and
k < n resources. However, it was shown that after relaxing some of the restrains taken
in basic models, such coexistence is possible, but not at fixed densities. In order to
explain competitive exclusion properly, we must define this notion in a mathematical

way. We start with similar notions as in Section 4.3 and make small adjustments.

Definition 7.1. A compact invariant set K is called an attractor if there is an open
set U D K such that wy (U) = K, where w, (U) is defined as in Section 4.3.

Now we consider a general n species model

d.%i
dt

=2;9;(x1,...,x,), 1=1,....,n.

Here z; > 0 is the population density of species ¢ and g; is a function representing the
specific per capita growth rate of species i. These functions determine a vector field
on E" = {(xy,...,z,) € R"x; > 0,Vi}. We denote the space of smooth functions on
this manifold £" = C*>°(E"™,R"). A function g = (g1,...,9,) € E" can be considered
as n-species ecological community.

We are now ready to introduce mathematical definitions of the above mentioned eco-

logical notions. These definitions are due to McGehee and Armstrong [5].

Definition 7.2. An ecological community g € £" is said to be persistent if ¢, has an
attractor in int(E™). We say that g exhibits exclusion if it is not persistent. We say
that a class of communities C C £" satisfies the exclusion property if for all g € C,

g exhibits exclusion.

By generalizing Volterra’s model to include k resources and by relaxing the assumption

of linearity we get the class of abiotic resource models:

dz; .
c;f = xu(Ry,...,Ry), i=1,...,n (7.3)
R; = Rjmae— Fi(z1,...,20) =sj(x1,...,20), j=1,...,k (7.4)
é?uz- 8«9]' . . .
where we assume that > 0 and <Oforallt=1,...,kand j =1,...,n. With
8Rj 895,

previously introduced terminology, we denote such a class of models by F' C &™:

i ={g=uos: se€ C¥(E"R"),uec C*(R",R")}.
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The class of linear Volterra models is denoted by LF}. In case of £ > n we have
= &" and F] does not show exclusion property. We are left to consider the case
k < n. In this case, one can show that such a system can not have point attractors in
int(E™) and as a corollary we have that F7 shows exclusion property. However, this
is one of the rare classes to be known to satisfy exclusion property. Even more, in
case 3k > 2n one can show that F}' does not show exclusion property [5]. A corollary
of Zicarelli’s work [12] is that F}' does not satisfy the exclusion property for k > 2.
Nitecki [6] constructed an example that shows that FJ', n > 3 does not satisfy exclusion
property. Thus, F}' satisfies exclusion property only for n = 2,k = 1. However, LF}.
shows exclusion property for k < n.
Another important class of models concerns biotic resources, resources which regenerate
according to their own differential equations, as would prey species. The defining

equations for this class of models are

dx; ,

dfﬁ = .’L'Z'Ui(Rl,...,Rk), Z:L...,n (75)
dR; .

d_tj = Rij(Rl,...,Rk,]}l,...,l’n), jzl,,k’ (76)

ou; dg;
where we again have T > 0 and 2

8Rj al'l

class of communities with n consumers and £ biotic resources is denoted by B}, i.e we

<Oforalli=1,....nand j =1,...,k The

have
By ={s: E" x E* 5 R" x R¥; (y,2) = (u(), g(y,v))}

To use the results mentioned for the abiotic case we prove the following lemma due to
McGehee and Armstrong [5].

Lemma 7.3. By C Fot*.
Proof. Let g € B} and write g(y,z) = (u(x), s(y, x)). Define

U*ZEk XRk%Rn XRk7(M,I/)'—>(U(,l,L),V)
r: E" x EF = E* x RF; (y,2) — (z,5(y,z))

Then g = u* or € Fotk. ]

We use previous results to conclude that we can construct persistent communities when
2k > n. Another corollary of Zicarelli’s work is that B} does not satisfy exclusion
property for any k,n € N. However, LB) satisfy exclusion property for £ < n as a

consequence of the same fact for LF [5].
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7.2 Example of coexistence

In this section we give an example of coexistence of two competitors on a single biotic
resource i.e. a community in 57.

For the biotic resource we presume logistic growth, which is the most often used model
of bounded growth and corresponds to the situation where organisms are constrained
with different limiting factors such as food and space. The density of the biotic resource
is denoted by V.

Mutual relation between consumer and resource or predator and prey is described by
functional response. By definition, it is the number of resource/prey consumed
by one consumer/predator per unit of time, typically given as a function of resource
density.

For one of the predators we presume a linear functional response which corresponds
to the situation where the number of prey captured by a predator per unit of time is
proportional to the prey density, say CoN. Such a functional response is also reffered
to as the Holling type I functional response [3].

For the second predator we use the Holling type II functional response which which
has the form F'(N) = CoN/(1 4+ hCyN).

The Holling type II functional response can be derived in the following manner: suppose
predators can be in one of two states, either searching for prey or handling the captured
prey (e.g. eating, resting). Searchers capture the prey at a linear rate, CoN. Upon
capture, predators move into the class of handling predators. Handling predators spend
h units of time handling the prey and return to the searching state afterwards.
Suppose that a total of time T is available for searching and handling. The number
of prey caught by one predator in time of searching Ty is TsCsN. Since Ty =T — Ty,
(where T}, is the time of handling of the captured prey) we have Ty = T'— hT;CoN and
so Ts = T/(1 + hCyN). The functional response is therefore

F(N) = T.C,N/T = CoN/(1 + hCyN).

Let P, and P, denote, respectively, the density of predators with the Holling type I
and II functional response and N the density of prey. We describe the dynamics with

the following system

dP

d—tl — Py (B,CiN — D) (7.7)
dP, ByCyN

—2 = p(—22"__D .
dt ? (1 + hCyN 2) (7.8)
dN N CoN Py

— = rN(1-=)-—2"% _(C/NP. .
dt ' ( K) T heN R (7.9)

The above parameters have the following meaning:
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B; conversion efficiency of food into offspring

C; searching consumers attack rate

D; per capita death rate of predator in case of extermination of resource
h handling time for a resource item consumed by predator 2

r intrinsic growth rate of the resource

K carrying capacity of the resource.

We can simplify the system by rescaling to avoid dependence on units and thereby also
decrease the number of parameters. We introduce t’ = rt, N' = N/K, P = P, /(B K),
P, = P,/(ByK) and after dropping the primes our system has the following form

dP,

d—tl = Py (ayN —dy) (7.10)

dP2 CLQN

2 _ p — A1

dt 2 (1+bN d2) (7.11)

dN as N Py

— = N1-N)- — NP 12

dt =M=y —alh, (7.12)
K B;C; D;

b= KCyh, d = =,

,
We first analyze the system where only one consumer is present. We start with the

were we have introduced new parameters a; =

simpler case where only P, is present. Then we have the following system

dN
— = N(l-N)-aNP
dP
d_tl = Pl(alN—dl).
N
We observe that we have N < N(1— N) and hence we conclude N (t) < —eXp(t)C
dt 1+ exp(t)C
N
where C' = 1—5\?20) This means that N is bounded and if we start with N(0) < 1

we have N(t) < 1 for t > 0. We use this fact to show in a similar way that

exp ((a1 — d1>t) Pl(O) Z Pl(t) Z exp(—dlt)Pl(O)

exp(t)C

We also observe that (0, exp (—d;t) P;(0)) and (W’

O) are solutions of the

system and hence both of the axes are invariant.

d —d
Fixed points of this system are (N, P;) = {(0,0), (1,0), <—1, a 5 1)} where the third
point is biologically meaningful if and only if a; > d;. This corresponds to the case

where per capita number of offsprings of predator at carrying capacity of prey is bigger

then per capita death rate of predators.
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. . . . 1—2N — alpl —alN
The Jacobian matrix of the system is given by J = . We

P1a1 CL1N — d1

1

0
calculate J(0,0) = (0 ) which is clearly unstable since 1 > 0 and d; # 0.

—u1

For the point (1,0) we have J(1,0) = Eigenvalues of this matrix

a, — d1
satisfy \MqAs = dy —ay; and Ay + Ay = a; — dy — 1. Therefore, the point (1,0) is
asimptotically stable if and only if a; < dy, i.e. in case when the third fixed point is

not biologically meaningful.

dy
dl a1 — d1 T _dl
For the point (N*, Pf) = (—, 5 ) we have J(N*, Pf) = ay —aldl - Its
a1

(a1 — dydy > 0 and we conclude

d

eigenvalues satisfy A\ + Ay = —2 < 0and Ay =
ap aq

that \; 2 < 0 showing that this point is asimptoticaly stable.

For the relation of the parameters a; = d; points (1,0) and (N*, P;) exchanged stabil-

ity. This phenomenon is called a transcritical bifurcation.

The system where only the predator with Holling type II functional response and prey
are present is far more complicated. This system is called the Rosenzweig-MacArthur

system, after ecologists who where first to propose it in [8].

dN azN Py
@ - NN Ty
dP2 CL2N
— = P — .
dt ? (1 +bN d2>
exp(t)C

As in the above example we have N(t) < and

~ 1+exp(t)C

exp <t ( bjfl - d2>> Py(0) > Py(t) > exp (—dot) Po(0)

t)C
We also observe that (0,exp (—d;t) P1(0)) and ( exp(t) C,O) are solutions of the

1 + exp(t)
system and hence both of the axis are invariant. Furthermore, for N(0) > 0 we have

N(t) > 0 and similarly for P, and we conclude that the interior of the first quadrant,
denoted by @), is invariant. As for boundedness of solutions, we have the following

lemma.

Lemma 7.4. There ezists a So > 0 such that for all S > Sy the triangle T'(S) with
sides N =0, P, =0, N + P, = S is invariant.

Since every initial point in Q) lies in a such triangle, every solution is bounded fort > 0.
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Proof. Since we have already shown the invariance of axis, we have to show that the

solution can not leave the triangle through the hypotenuse N + P, = S. On a such
line we have Cii—jj + % = N(1—N)—dyPy = —N? + N(1 + dy) — d»S. Tt reaches a
maximum, sign of which depends on disciriminant D = (1 + dy)? — 4d,S. For S large
enough this maximum is negative and solution decreases along the hypotenuse and can

not cross it. N

We proceed to find the curves where the right hand sides of equations have zero value.

P
Such curves are called nullclines. P—nullclines, i.e. the curves where d_t2 = 0 are

d

P,=0and N = — 2 _and N —nullclines, i.e. the curves where — =0 are N =0

ag — bdg dt

1—N)(1+bN d

and P, = ( )1+ ) We see that between lines N = 0 and N = —1, P

ao a; — bd;

d
decreases and right from N = ﬁ it increases. Similarly, between P = 0 and
a; — 0y

(1— N)(1+bN) (1— N)(1+bN)

P =
a a

areas of the first quadrant where the growth of both functions is monotone are denoted

by @Q;, @ = 1,2,3,4. This situation is depicted in Figure 5.

, N increases and above P = it decreases. The

P

@3 Q4

Figure 5: Nullclines of the Rosenzweig-MacArthur system

The fixed points of the system are found as intersections of N —nullclines and Ps-

d —bdy — d
nullclines and are (N, P2) = {(0,0), (1,0), (a 2bd : aza zd )22)} where the third
2 — bdy 2 — bdy

point makes biological sense only if ay > dy(1 4 b). This corresponds to the situation

when per capita growth rate of the predator at carrying capacity of resource is positive.
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1_9N — a2P2 _ CL2N
2
Jacobian matrix of the system is J = s 1 +bN) a;\,—i_ bN
(1+bN)? 1+bN 7

1 0
We now get J(0,0) = (0 d) and (0,0) is obviously unstable since 1 > 0 and
—dy

a2
dy # 0. For the second point we have J(1,0) = a21 +b and we see that it
. 1+b
is asimptotically stable when 1 _i 2 < dy and unstable otherwise.

Now we consider the case ay > da(1 + b) i.e. the case when (1,0) is unstable and the

third point (N**, Py) = (a2 EQb 5’ aZa; idz d;);iz) is in the first quadrant. We have

—dy
*x *) CLQ(CLQ — bd2
‘](N 7P2) a2_bd2_ o
e 0
a
d —bdy — d
Eigenvalues of this matrix satisfy \j Ay = 2(02 2 2) and

a2

CLQ(CLQ — bdg)

as b—1 ao i ) ) .
—— < dy < ——. In this case we have an asimptotically stable point.
b+1 b 25 b1 we Hav P Y P

A+ Ay = . In order to have AjAs > 0 and A\; + Ay < 0 we need

to have

a
Observe that for the relation of parameters 1 _i ;= do the two fixed points interchange
stability and we have transcritical bifurcation.

-1
Observe that the maximum of the non-trivial N —nullcline is reached for N = BT If

the point (N**, P;) is asimptotically stable the above condition can be rewritten into
d _

2 >
Ao — bd2 2b

non-trivial N —nullcline.

showing that in this case the fixed point is on decreasing part of

We can show even more, that for the above relation of parameters every solution

starting in the interior of ) converges to the point (N**, Py).

b—1
Lemma 7.5. Let 2 Cf 1 5 <dy < 2 Cj_z T Then every solution starting in the interior
d —bdy — d
of Q converges to the fized point (N**, Py) = <a2 _de2, azaz — Zd2)22)’

Proof. We will use the Lemma 6.14 (Dulac criterion) to show that no periodic orbit
or homoclinic loop exist. Then, by the Poincare-Bendixson theorem, for each point
p in the open first quadrant @), the w—limit set of p must contain an equilibrium. If
the w; set contains the sink Pj, then it can contain no other point and we are done.
Otherwise, by the third case of Poincare-Bendixson theorem, the wy set of any orbit

consists of two other fixed points and non-periodic orbits connecting them. The w, (p)
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set of points from () can be neither of two points since the stable manifolds of points
are the y-axis and the z-axis, respectively. For the same reason, the heteroclinic orbit
connecting these two points should belong to the z-axis and it cannot be the w, set of
any p € Q.

1+bN
Following Hsu [4], we use the Dulac function of the form g(N, P,) = +

Py~ for

the corresponding .

We calculate

dP; dN Pyt )
— — = —2bN? + N —dyb) +b— 1) — ads] .
(45, + (65), = Bt 0 ot

The term in the bracket has a maximum determined by the value of the discriminant
D = (a(ay—dyb)+(b—1))*—8adyb < (a%—}—b— 1) —8ap (b—1) = (2032 — (b— 1))
b2—1

Hence for a = e, We get that the maximum of the function is smaller then 0 and

therefore (g2 )p, + (9% ) v < 0 inside @ and we can apply the Dulac criterion. O

18

16 =

14

12 |

08 =

06 —

04 |- -

02 —

Figure 6: Two orbits of the Rosenzweig-MacArthur system (in coordinates (N, Py))
for the values of parameters a = 0.9, b = 2.5, d = 0.16

b—1
We are left with the case dy < bflT‘ This is the case when the positive fixed

point is on the increasing part of the non-trivial N —nullcline. In this case none of the
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equilibria are stable. We can show that in this case there is a periodic orbit containing
(N**, Py).

Qo b—1

Lemma 7.6. Let dy < 1 b Then there exists a periodic solution of Rosenzweig—

MacArthur system. Furthermore, every solution starting in the interior of @), except

for the positive equilibrium, has the periodic orbit as its limit set.

Proof. The main role in the proof is played by the unstable manifold of the point (1, 0).
We use the second claim of Theorem 5.5 to find the slope of its tangent at the point
a9 b—1

T e find that this slope is less (more negative) then the slope
of nullcline at the same point. This ensures that of the unstable manifold with P, > 0

b

lies above the nullcline.

By the above argument, the orbit of M ~(1,0) enters ); as it leaves (1,0). Since by
Lemma 7.4 all solutions are bounded, if M ~(1,0) stays in (); then because of mono-
tonicity of N and P, the trajectory should converge to fixed point in @;. However,
(N**, Py) is unstable and therefore, trajectory must go to (J2. We apply similar argu-
ments to show that the direction of the trajectory must be @1 — Q2 — Q3 — Q4.

We have traced the unstable manifold until its second intersection with the right part of
nullcline. Observe the area R, closed by I', consisting of this part of unstable manifold
an the part of nullcline connecting the intersection point and the point (1,0). It is
compact, positively invariant, and contains only one unstable equilibrium (N**, Py).
By the Poincare-Bendixson theorem for each p € R distinct from (N**, P}), the w
limit set of the trajectory through p must be a periodic orbit in R.

Additionally, by the similar argument about crossing of the regions and negative in-
variance of the unstable manifold, we see that every non-fixed orbit starting outside of
R will cross the nullcline on the part belonging to I' and enter inside of R. Therefore,

every non-fixed solution has the periodic orbit as its w, set. O

In this case linearly asimptotically stable point changed to unstable and in addition

to an unstable equilibrium we have a limit cycle. In this case we say that for dy =
as b—1

2 +2 1 5 we have a Hopf bifurcation. Observe that for this relation of parameters

the eigenvalues of the corresponding Jacobian matrix are purely imaginary.

We now proceed by considering coexistence of these two competitors. In order to
survive, a small population P, must be able to invade equilibrium point of N and

P, ie. we must have — > 0 near (N*, Pf"). Because of continuity we must have

dt
AP,

1 dP. dP.
W(N*, Pf) > 0. Since Ed—; is strictly increasing and d_t2<N**’P1*> = 0 we must

have N* > N**. However, with similar observations we see that if this relation holds
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Figure 7: Two orbits of the Rosenzweig-MacArthur system (in coordinates (N, P))
for the values of parameters a = 0.9, b =2.5, d = 0.15

Py can not invade equilibrium of N and P; since % < 0 near (N**, Py) . But we
have shown that this point is not necessarily stable. The case where coexistence can
happen is along the periodic orbit. In this case, in order for P; to invade P, and N its
average rate of increase along the orbit must be positive. That is, invasion is possible

only if
1 dP; 1 /[ N
/Ed—tlf— | @y =i =y - >0

T

where N = — fo t)dt. Since we have a; N* — d; = 0 it follows that N > N*. This is
depicted in F1gure 8

Finally, the condition for coexistence is N > N* > N**. To show that this condition
is sufficient and that we really have coexistence, one has to consider global properties
of the three-species system, as in McGehee and Armstrong [5]. The three dimensional

portrait of the system is given in Figure 9.
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Figure 8: Impact of introduction of predator 1 onto periodic orbit of the prey and

predator 2
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Figure 9: Three dimensional portrait of the system for the values of parameters a; = 1,
dy=01,d,=02,b=5
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8 Conclusion

In the final project we studied ordinary differential equations by considering existence
and uniqueness of their solutions and their asymptotical behaviour. We were mostly
following [10]. Theoretical results were applied on an example in mathematical biology.

For the initial value problem of the form
Qf:f(t,.fﬁ), .T(to) = Ty, (81)

where f € C(U,R™), U an open set in R"™™ and (ty,z9) € U we used fixed point
theorems to show local existence and uniqueness of solution if f satisfies the Lipschitz
condition. Peano’s theorem guarantees local existence but not uniqueness if f is a con-
tinuous function. If f satisfies the Lipschitz condition we have shown that continuous
dependence on the initial conditions and parameters which implies that such IVPs are
well-posed.

Special attention was dedicated to linear systems of the form
T =A(t)x+b(t), x(0) =z, (8.2)

where A: R - R*" xR",z : R — R", b : R — R"”. We used results of the previous
section to prove existence and uniqueness of solution for continuous functions A(t) and
b(t). We gave a closed form of solutions for such systems and use these results to give

solutions of higher order linear equations. For autonomous linear systems of the form
= Ax, (8.3)

we have shown that asymptotical behaviour of solutions depends on eigenvalue decom-
position of the matrix A.
Further study of solutions of differential equations was accomplished by introducing

the notion of a dynamical system. For autonomous equations of the form
&= f(x), (0) = o, (8.4)

where f € C*(M,R"),k > 1 and M is an open subset of R, we introduced the notion
of the flow

O(t,x) = ¢(t, )
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where ¢(t,x) is the value at time ¢ on the maximal integral curve at z. We studied
(8.4) by introducing notions from theory of dynamical systems: orbits, fixed points,
invariant, limit and attracting sets.

We generalized the theory of asymptotic behavior of linear systems to general au-
tonomous systems. We established the connection between a phase portrait of the
starting system and its linearization and used this to study local behaviuor of hyper-
bolic systems near fixed points. The Liapunov method gave us another approach to
the study of stability of a fixed point and its area of attraction.

Based on the Jordan curve theorem, we classified all possible limit sets for planar
dynamical systems and gave some useful criteria for both existence and non-existence
of periodic and homoclinic orbits. For dynamical systems in dimension bigger than 2,
such theory does not exist and strange asymptotical behaviour of solutions can occur
for readily simple systems.

Discrete dynamical systems are another example of dynamical systems where we are
usually interested in behaviour of iterates of some function f. While we define and
study similar notions as in the continuous case, the asymptotical behaviour can be
strange even for continuous functions of one variable. Theory and examples of higher
dimensional continuous systems and discrete dynamical systems can be found in [2,9,
10].

Another important notion in theory of dynamical systems, only briefly mentioned in
this paper, are bifurcations. The reader can find more on the theory of bifurcations
in [9].

The theory developed throughout the paper was used in an example from the theory
of competitive existence. We presented some results on possibility of coexistence of n
consumers on k resources, both abiotic and biotic. We gave an example of coexistence
of two consumers on a single biotic resource and studied the range of parameters under
which the coexistence is possible. For predators we supposed Holling type I and II
functional response, while the prey is following the logistic growth model. We proved
that for coexistence predator 2 and the prey must coexists along periodic orbit and for
certain values of parameters the predator 1 is able to invade that system.

A study of coexistence in B} for other types of behaviour of species (functional re-

sponses, migrations) can be found in [1].
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9 Povzetek naloge v slovenskem
jeziku

V zakljucni nalogi smo preucevali navadne diferencialne enacbe pri cemer smo studirali
obstoj in enolicnost njihovih resitev ter njihovo asimptotsko obnasanje. Teoreticni
rezultati so uporabljeni pri preucevanju primera v matemati¢ni biologiji.
Za zacetno nalogo

T = f(t,x), z(ty) = o, (9.1)
kjer je f € C(U,R"™), U odprta mnozica v R"*! in (ty, ) € U, smo uporabili izreke o
negibni tocki za dokaz obstoja in lokalne enoli¢nosti resitve za funkcije f, ki zadoscajo
Lipschitzovemu pogoju. Za zvezne funkcije f smo obstoj (ne pa enoli¢nosti) dobili iz
Peanovega izreka. Za funkcije f, ki zadoscajo Lipschitzovemu pogoju smo pokazali
zvezno in gladko odvisnost od zacetnih pogojev in parametrov iz cesar sledi, da je taka
zacetna naloga korektno zastavljena.

Posebej smo preucevali linearne sisteme oblike
&= A(t)x +b(t), x(0) =z, (9.2)

kijer je A: R - R*" xR"z : R — R" b : R — R". Za dokaz obstoja in enoli¢nosti
reitve za zvezne funkcije A(t) in b(t) smo uporabili rezultate prejsnjega poglavja.
Dobili smo formulo za resitve tega sistema in jo uporabili za izracun resitev linearnih

enach visjega reda. Za avtonomne linearne sisteme oblike
T = Ax. (9.3)

smo preucevali asimptotsko obnasanje resitev v odvisnosti od spektralne dekompozicije
matrike A.

V nadaljevanju smo preucevali splosnejSe sisteme diferencialnih enacb — dinamicne
sisteme. Omejili smo se na avtonomne sisteme. Cauchyjeva oz. zacetna naloga za

avtonomne sisteme je oblike
&= f(x), (0) = x, (9.4)
kjer je f € C*(M,R"),k > 1in M odprta podmnozica R”. Uvedli smo pojem toka

(D(t’ "L‘) = ¢(tv CL’),
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kjer je ¢(t, x) vrednost v ¢asu t na maksimalni integralski krivulji skozi z. Nalogo (9.4)
smo preucevali z uvedbo pojmov iz teorije dinamic¢nih sistemov: orbit, stacionarnih
tock, invariantnih, limitnih in privlaé¢nih mnozic.

Teorijo asimptotskega obnaSanja linearnih sistemov smo posplosili na splosne avotonom-
ne sisteme. Pokazali smo zvezo med faznim portretom zacetnega sistema in faznim
portretom njegove linearizacije in to uporabili za preucevanje lokalnega obnasanja
hiperboli¢nih sistemov v blizini stacionarnih tock. Metoda Ljapunova nam da Se en
pristop preucevanju stabilnosti stacionarnih tock in njihovih obmo¢;j privla¢nosti.

Na podlagi izreka o Jordanski krivulji za ravninske dinamicne sisteme smo klasificirali
vse moznosti za limitne mnozice in podali koristne kriterije za obstoj ali neobsto]
periodi¢nih in homoklini¢nih orbit.

Teorijo, razvito skozi nalogo, smo uporabili na primeru iz teorije tekmovalnega izkljuce-
vanja. Predstavili smo rezultate o moznostih sobivanja n uporabnikov na £ virih, ki so
lahko bioti¢ni in abioti¢ni. Podali smo primer sobivanja dveh plenilcev na enem plenu
in preucevali razpon parametrov, za katere je to mogoce. Za plenilce smo predpostavili
funkcijski odziv tipov Holling I in Holling II, za plen pa logisticni model rasti. Dokazali
smo, da je za sobivanje potrebno, da plenilec 2 in plen sledita periodi¢ni orbiti ki jo

plenilec 1 lahko "napade” za dolo¢ene vrednosti parametrov.
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