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Abstract: In this master thesis we look at the isogeometric collocation method and how
it can be used to solve Poisson’s PDE in one and two dimensions. The first chapter
defines and discusses the key properties of B-spline and NURBS basis functions. The
following chapter discusses isogeometric analysis. In this chapter we define the geome-
tries and properties of B-splines and NURBS, as well as the isogeometric concept and
the L? approximation method. In the following chapter, we define the Poisson’s PDE
in both dimensions and both formulations, namely weak and strong.This chapter also
introduces the Galerkin isogeometric method. The following two chapters describe the
isogeometric collocation method and collocation points: the most commonly used are
the Greville and Demko collocation points, while the newest are the Superconvergent
collocation points. And at last, from the Superconvergent points, we obtain the Al-
ternating and Clustered superconvergent collocation points. Finally, we perform some
numerical tests to determine the rates of convergence of isogemetric collocation meth-
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spaces. Furthermore, we compare convergence rates with the Galerkin isogeometric

method and summarize the results in a table.
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1 INTRODUCTION

Partial differential equations (PDEs) [17,19,20] are the most commonly used tool in
scientific fields. Because we do not yet know how to solve them analytically, com-
putational mathematics and numerical approximation have been developed. The im-
portance of computers has grown in recent decades, paralleled by the development of
more powerful computing machines. This has aided in the development of effective
computational and numerical methods.

The Finite element method (FEM) (see [14]) is currently the most widely used nu-
merical method for solving PDEs. With this method, we must approximate the physical
domain, which also requires a significant amount of computational time. Another nu-
merical method has been developed in recent years to overcome this difficulty. This
method is known as Isogeometric analysis (IgA), and it is a computational mechanics
technology based on functions used to represent geometry that was first introduced by
Hughes, Cottrell, and Bazilevs in [4,5] with the goal of reducing the gap between Finite
element analysis (FEA) and Computer-aided design (CAD). In FEM we approximate
the geometry, as previously stated, whereas in IgA we use the functions describing the
geometry directly. IgA is similar to FEM in many ways, but instead of piecewise poly-
nomial functions, the basis functions of IgA are B-splines or NURBS (Non-Uniform
Rational B-splines) (see [6,7,16,18]), which are the same functions used to build CAD
geometries. As a result, the basis functions used in IgA are highly dependent on the
geometrical domain representation; this is known as the isogeometric concept.

The Galerkin isogeometric method (GIM) is the most commonly used method for
solving a PDE. Firstly, the PDE is written in a weak formulation, which necessitates
lower smoothness of functions than using the strong form directly. The integrals are
then evaluated, and a linear system is constructed. Finally, the linear system is solved
to obtain the coefficients in the approximate solution that correspond to the basis B-
spline or NURBS functions. This technique, however, necessitates the evaluation of
integrals using specific quadrature rules, and the accuracy of the solution is dependent
on the quality of the numerical integration. The other option is to work directly on
the strong formulation. Solving the strong form of the PDE via collocation eliminates
integration but requires more regular spaces.

Isogeometric collocation methods (ICMs) have been first introduced by Auricchio,
Da Veiga, Hughes, Reali and Sangalli in [2]. However, in terms of rate of convergence,

ICM proposed thus far does not perform as well as GIM (see [1,13,15]). Collocating
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the equation at Greville or Demko points is a common choice because they are classi-
cal interpolation points for arbitrary degree and regularity of splines, but both choices
exhibit suboptimal convergence behavior. However, there is a fascinating alternative.
Gomez and de Lorenzis in [11] have demonstrated that there must exist a set of collo-
cation points that exactly reproduces the Galerkin solution, and thus the error of the
ICM built from those points has the same rate of convergence as GIM. These are the
zeros of the Galerkin residual and are known as Cauchy-Galerkin points (see [1,11]).
Unfortunately, these points are not available a priori; thereby [1] selects as a surrogate
the points where, under suitable hypothesis, superconvergence of the second deriva-
tives of the Galerkin solution occurs, motivated by the fact that for Poisson PDE the
Galerkin residual is actually equivalent to the error of the approximation of the second
derivatives (see [15]). These are known as Superconvergent points.

However, because there are more Superconvergent points than degrees of free-
dom, [1] proposes using a least-squares approximation to solve the overdetermined
linear system. This concept is further developed in [11,15] by using different specific
subsets of the Superconvergent collocation points (SCP) to ensure that the number of
collocation points corresponds to the number of degrees of freedom. These are known as
Alternating superconvergent collocation points (ASCP) and Clustered superconvergent
collocation points (CSCP).

The structure of the thesis is the following.

e In Chapter 2, we introduce the preliminary theory, which includes the necessary
definitions of the B-splines and NURBS basis functions mentioned in this work,

as well as stating and proving a number of useful properties about them.

e The third chapter is divided into four sections: the first section introduces B-
splines and NURBS geometries, as well as their properties; the second section
explains the isoparametric concept; the third section describes three different
procedures for obtaining more precise isogeometric solutions; and the final section
introduces the L? approximation, as well as some other definitions of functional

analysis.

e The Poisson’s partial differential equation is discussed in Chapter 4 in both one
and two dimensions, as well as the technique for obtaining the weak formulation
from the strong one. The Galerkin isogeometric method is also presented, as
well as its application to Poisson’s partial differential equation with Dirichlet

boundary conditions.

e The main section is in Chapter 5, where we describe the isogeometric collocation
method in both observed dimensions. We also provide a selection of the most

widely used collocation points, namely the Greville and Demko collocation points.
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e We compute Superconvergent points and introduce the Least-squares method at
them in Chapter 6. The Alternating and Clustered superconvergent collocation

points are then obtained using Superconvergent points.

e In Chapter 7, we perform some numerical tests in one and two-dimensional spaces,
computing the isogeometric collocation for all mentioned collocation points and
various Poisson’s partial differential equations. We compare the relative errors
obtained in the L?, H,, and Hy norms. Wolfram Mathematica is the programming

language we use to run our algorithms and visualize the results with graphs.

e Finally, in Chapter 8, we make our conclusions.
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2 DB-SPLINES AND NURBS

In this chapter, we aim at introducing definitions of B-splines and NURBS basis func-
tions and their properties. For the definitions and properties in this chapter, we refer
to [5,7,9,16].

2.1 DEFINITIONS

B-splines are piecewise polynomial curves composed of linear combinations of B-spline

basis functions. The B-spline basis is defined through the concept of knot vectors.

Definition 2.1. Let Q be the one-dimensional parametric space. A finite subset of
Q) made of non-decreasing set of coordinates in this parametric space Q) is called knot
vector. It is written as = = {&, &, ..., {nqpt1}, where & € R is the ¢ — th knot, i is the
knot index, i = 1,2,...,n + p + 1, p is the polynomial degree and n is the number of

B-spline basis functions.

Definition 2.2. Each interval [&;, &;41] for i = 1,2, ..., n+p is called a knot span. Each
internal knot span, that is each interval [§;, {1 1] for i = 1,2, ..., n+p, such that &1 # &
and & # &nqpt1, 1 = 1,2,...,n+p, is called element.

Definition 2.3. A knot vector is said to be uniform if the knots are equally spaced
in the parametric space. If they are unequally spaced, then the knot vector is non-

uniform.

Knots may be repeated, that is, more than one knot is located at the same coordi-
nate in the parametric space. Note that this implies that a knot span can have zero

length.

Definition 2.4. A knot vector is said to be open if its first and last knots repeat p+ 1

times.

We now have all that we need to define B-spline and NURBS basis functions.
Firstly, we will define the univariate B-spline basis functions, which are B-spline basis

functions that are defined from a one-dimensional parametric space ).

Definition 2.5. Let = = {&,&s, ..., nipr1} be defined as in Def. 2.1. For i €
{1,2,...,n}, the univariate B-spline basis functions Nj,, are defined with a recursive

formula called Cox-de Boor recursion formula as:
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e For p = 0 they are defined by

Nolg) = | =S (2.1)

0, otherwise,
where 1 =1,2,...,n.
e For p=1,2,3,... they are defined by
£

Nop€) = 28 N, (6 4 S — S

=& Civpr1 — Civa Nit1p-1(8); (2.2)

where i = 1,2, ...,n.

0.8

|
L
4
H
S

Figure 1: B-spline basis functions of order p = 5 defined by the uniform and open knot

vector which has 4 elements.

Remark 2.6. By convention, we consider that N,;1, = 0 for all p > 0 and that % =0
(which happens whenever &, = & or if & 11 = &41). Also, note that, N;o(§) is a
step function, equal to zero everywhere except on the half open interval £ € [§;,&11),
while for p > 0, N;,(&) is a linear combination of two (p — 1)-degree basis functions.

In the following, h will represent the size of the elements.

Lemma 2.7. Let = = {£1, &, ..., €nipr1 } be an open knot vector, as in Def. 2.1. Let

ne be the number of elements of Z. Then n = ny + p.

Proof. Since = is open, by definition, we know that we have p + 1 knots equal to &
and p + 1 knots equal to &,4,+1. Consequently, the number of internal knots is on one
hand equal to (n +p + 1) — 2(p + 1), on the other hand it is equal to ney — 1. So,
n—p—1=mny — 1 and therefore n = ny + p. O
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Multivariate B-spline basis functions are built in a similar way, by means of tensor
product rules, from the univariate B-spline basis functions. More precisely, a k-variate
B-spline basis, & € N\ {0}, is defined from a parametric space Q) of dimension k,
that can be decomposed thanks to a cartesian product as Hle QZ-, where each €); is
a one-dimensional parametric space. In this work, we will consider just the 2-variate

B-spline basis and we give the following formal definition:

Definition 2.8. Let =; C Qi, 1 = 1,2, be 2 knot vectors that define n; univariate B-
spline basis functions with polynomial degree equal to p;, © = 1,2, respectively. Then

the corresponding 2-variate B-spline basis is

{Njp:7="_j1,72),0 <71 <ny,0 < js <ng;p=(p1,p2)}

such that for all &€ = (&1,&) € Q, Njp(€) = [1--, Nj,p.(&). The set of 2-dimensional

elements used to define B-spline basis functions is called mesh.

Remark 2.9. The basis functions formed from open knot vectors are interpolatory at
the ends of the parametric space interval in one dimension and at the corners of patches

in multiple dimensions but they are not, in general, interpolatory at interior knots.

Finally, non-uniform rational B-splines (NURBS) are built from B-splines and the
NURBS basis functions are an extension of the B-spline basis functions, that is, they
define a larger function space. The motivation of the introduction of NURBS is that
in general, conic sections cannot be parameterized by polynomials, but can be param-

eterized with rational functions.

Definition 2.10. Let Q be a one-dimensional parametric space, and let = be a knot
vector on ) that generates the n univariate B-spline basis functions of order p, as
in Def. 2.5. Then given n weights w; € R, i = 1,2,...,n, we can define the set of

univariate NURBS basis functions as

Nip(§)w;

Binll) = SN oy

for all i € {1,2,...,n} and for all £ € Q.

The order of NURBS basis functions is the order of the underlying B-spline basis
functions. In general, we define NURBS basis functions using positive weights.

As in the B-spline case, the definition of multivariate NURBS basis functions follows
naturally from a tensor product rule from the definition of a univariate NURBS basis,

so we will omit it, but we refer the readers to see [16].
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2.2 PROPERTIES

We now list a number of important properties of the B-spline basis functions, which
determine many desirable geometric characteristics of B-spline curves and surfaces. Let

us use the same notation as in Def. 2.1 and 2.5.
1. Local support property. N;,(§) =0 if £ & [&, Eirpr1)-

Proof. Since Cox de Boor formula used to calculate B-spline basis functions is
a recursion relation, a basis function of a given polynomial degree p depends on
lower order and therefore this dependence forms a triangular pattern shown in

Table 1. From the pattern it is clear that the basis function N;, is non-negative

Table 1: Triangular pattern of B-spline basis functions needed to prove the Local

support property of B-spline basis functions.

€, &iv1) Nio
N\
a N\
[Civ1,6ir2) | Nitro Nip_s
¢
Nip
A N\
Nij1p2 Nip
e e
Niy1p1
A
Niyop o
a
a
[Eitps Citp+1) | Nitpo
on the interval [&;, &4 pt1)- O]

2. In any given knot span, [{;,&;41), at most p+ 1 of the N, are non-zero, namely

the functions N;_pp, ..., Nj,.

Proof. Using Cox de Boor recursion we get the triangular pattern shown in Ta-

ble 2. From it, we can clearly conclude that the basis functions N;_,,, ..., N,
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Table 2: Triangular pattern of B-spline basis functions needed to prove the second

property of B-spline basis functions.

Nj—pp
~
Nj_22
/
Nj-11
/! N\
€5, &+1) = Njo Nj-1,2
N\ /
Njq
N\
Njo
N\
Nj,p
are non zero for £ € [&;,&41). O

3. Non-negativity property. N;,(£) > 0 for all 4, p and &.

Proof. We can prove this by induction on p. It is clearly true for p = 0. Assume

it is true for p — 1, p > 0, with ¢ and & arbitrary. By definition

Nop(€) = =8 N @)+ S TS N ()

i — & Citpr1 — &t
By the local support property, N;, 1(§) = 01if & ¢ [&,&4p). But € € [&,&ip)
implies f;éjé is non-negative. By assumption, N;, ;(§) is non-negative, and
i+p 7

thus the first term is non-negative. The same is true for the second term, and

hence N;,(§) is non-negative. O

4. Partition of unity property. For an arbitrary knot span, [&;,&;11),

Z Nj,p(f) =1

Jj=i—p

for all £ € [, &iv1)-
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Proof. To prove this, consider interval [{;,&;11). Here only N, ., ..., N;, are

non-zero. Then

Z Ny, () Z 55 §gj o Z 5fa+p+1 Nyiry 1 (6).

S 1 1
Jj=i—p Jj=i—p j=i—p +p+ §]+

Changing the summation index in the second sum from j to j+1, and considering
that Ni,p@,l(f) = Ni+1,p71<€) = O, we have

Z Nj,p(é) = Z [ 5__§J‘§j + gljﬂj 2] Jip— 1 Z N,p 1

j=i—p jmimpar Lo S j=i—p+1

Applying the same concept recursively yields

Y ONLHEO= D Npa©= > Nypo@=..= ZNJ‘,O(O = 1.

j=i—p j=i—p+1 j=i—p+2

O

. All derivatives of N; () exist in the interior of a knot span. At a knot N; (&)

is p — k times continuously differentiable, where k is the multiplicity of the knot.
Hence, increasing degree increases continuity, and increasing knot multiplicity

decreases continuity. Proof can be found in [16].

. Extrema property: Except for the case p = 0, N;,(§) attains exactly one

maximum value. Proof can be found in [16].

The NURBS R; ,(£) have similar properties as B-spline basis functions N; ,(£):

non-negativity property,
partition of unity property,
extrema property and

local support property.

Remark 2.11. Whenever the weights are constants, we get that V& € Q : R;,(€) =
N;,(€) thanks to the partition of unity property of B-spline basis functions. This

shows that polynomial B-splines are particular cases of NURBS.
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3 ISOGEOMETRIC ANALYSIS

Following [5, 9], the root idea behind IgA is that the basis used to exactly model the
geometry will also serve as the basis for the solution space of the numerical method.
This concept of using the same basis for geometry and analysis is called the isopara-
metric concept. In IgA we select a basis capable of exactly representing the known
geometry and uses it as a basis for the domain we wish to approximate. A graphical
repesentation of it is shown in Figure 3.

The above concepts are taken from [5,9].

3.1 GEOMETRIES

As already mentioned, in order to define B-spline or NURBS, we need a parametric

43

space. The B-spline parametric space is local to “patches”, which play the role of sub-
domains within which element types and material models are assumed to be uniform.
Element boundaries in the physical space are simply the images of knot lines under the
B-spline mapping. The next definitions and properties are strictly following [5, 16].
B-splines curves in R? are constructed by taking a linear combination of B-spline
basis functions. The coefficients of the basis functions are referred to as control points.

Piecewise linear interpolation of the control points gives the so-called control polygon.

Definition 3.1. Given n B-spline basis functions N; ,, ¢ = 1,2, ..., n, and corresponding
control points B; € R, i = 1,2, ....n, a piecewise-polynomial B-spline curve is given
by

C(¢) = Z Ni»(€)B:.

Let C (&) be a B-spline curve and p its polynomial degree. We now list important

properties of B-spline curves:

1. C(¢) is a piecewise polynomial curve (since the N; ,(§) are piecewise polynomials)
that interpolates endpoints, that is, if Q = [a,b], a,b € R, then C(a) = By and
C(b) = B,,; the number of control points is equal to the number of B-spline basis

functions, i.e. n.

2. Affine invariance. Let us recall first the definition of an affine transformation.
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Definition 3.2. Let « be a point in R3. An affine transformation, denoted by
®, maps R? into R**! and has the form ®(x) = Az + v, where A € R3*3 is
some matrix and v € R? is a vector. Affine transformations include translations,

rotations, scalings and uniform stretching and shearings.

An affine transformation is applied to the B-spline curve by applying it to the

control points. Proof can be found in [16].

3. Strong convex hull property For a B-spline curve of degree p, we define the
convex hull as the union of all of the convex hulls formed by p + 1 successive
control points. The curve is contained in the convex hull of its control polygon;
in fact, if & € [§,&41), then C(§) is in the convex hull of the control points
B,_,, .. B,.

Proof. Since £ € [&;,&41) we know by the second property of B-spline basis
functions that only p 4+ 1 B-spline basis functions are non-negative, namely
Ni_pp, -y Nip. Therefore

C(¢§) = ZNZ',P<§>BZ' = Z N;jp(€)B,;.

By the non-negativity and partition of unity properties of B-spline basis functions

N, the proof is concluded. O

4. Local control property. Changing B; affects C(¢) only on the interval [&;, &1 pt1).
See Figure 2.

5. The continuity and differentiability of C(&) follow from that of the N; ,(§) (since
C(§) is just a linear combination of the N; ,(£)). Thus, C(€) is infinitely differen-
tiable in the interior of knot intervals, and it is at least p — k times continuously

differentiable at a knot of multiplicity k.

Remark 3.3. In general, control points are not interpolated by B-spline curves. The
curve is interpolatory at the first and last points, due to the fact that the knot vector
is open and also at the control points that have multiplicity equal to the polynomial

degree p. The curve is tangent to the control polygon at these points.
B-spline geometries of dimension greater than one are defined by means of tensor

product rules from the B-spline curves.

Definition 3.4. Given a control net {B;;}, i =1,2,...,n, j = 1,2,...,m, polynomial
degrees p and ¢ and knot vectors = = {1, &2, ..., &napr1 ), and H = {n1,m2, .., Dimtgi1 }
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Eg

.

By

Figure 2: A cubic curve on = = {0,0,0,0,1/4,1/2,3/4,1,1,1,1}. Moving B; (to B)

changes the curve on the interval [1/4,1).

a tensor product B-spline surface is defined by

n m

S(&n) = Z Z Nip(§)Njq(n)Bij,
i=1 j=1
where N;,(§) and N;,(n) are univariate B-spline basis functions of order p and g,

corresponding to knot vectors = and H, respectively.

The properties of the tensor product basis functions follow from the corresponding
properties of the univariate B-spline basis functions (see [16]). Let S(&,n) be a B-spline
surface, where = has n + p + 1 knots and H has m + ¢ + 1 knots as in the Def. 3.4.

B-spline surfaces have the following properties:

1. The surface interpolates the four corner control points: S(0,0) = By, S(1,0) =
B,o, S(0,1) = By,, and S(1,1) = B, for Omega = [0,1] x [0,1]. This
follows from the partition of unity property of the tensor product basis functions
(Dot 2oimy Nip(§)Njg(n) = 1 for all (£,m) € [0,1] x [0,1]) and the identities

NLP(O)NLQ(O) = Nn,p(l)Nl,q(O) = Nl,p(())Nm,q(l) = Nn,p(l)Nm,q“) =1

2. Affine invariance: an affine transformation is applied to the surface by applying
it to the control points. This follows from the partition of unity property of the

tensor product B-spline basis functions.

3. Strong convex hull property. If (£,7) € [§,&41) X [nj,1j41), then S(&,n) is
in the convex hull of the control points By, i —p < h <iand j —q¢ < k < j.



Orlich T. Isogeometric Collocation.

Univerza na Primorskem, Fakulteta za matematiko, naravoslovje in informacijske tehnologije, 2022 13

This follows from the non-negativity property of the tensor product B-spline basis
functions (N;,(§)N,q(n) > 0 for all i, 4,p, ¢, &, n), partition of unity property of
the tensor product basis functions and from the property that says: in any given

rectangle [&;, &i1) X [nj,mj+1) at most (p+ 1)(¢+ 1) basis functions are non-zero.

4. Local control property. If B;; is changed, this affects the surface only
in the rectangle [&;, &ivpt1) X [0, Mj4ps1). This follows from the property that

Ni»(§)Njq(n) = 0if (€, n) is outside the rectangle [&;, &ivpr1) X [, Mjtpt1)-

5. The continuity and differentiability of S(&,n) follows from that of the basis func-
tions. In particular, if a knot & has multiplicity k, S(&,n) is p — k times differ-
entiable in the £ and it is ¢ — k times differentiable in the 7 direction if a knot 7;
has multiplicity k.

We will now proceed to the definitions and properties of NURBS geometries. Before

that, let us consider the formal definition of the control points for a NURBS curve.

Definition 3.5. Let {B"} be the set of control points for a B-spline curve in R**!

with knot vector =. The set of control points for a NURBS curve in R? is defined as

BY), , .
(B’L>] = ( - )JJ J= 1727 "'7d7 w; = (Bl >d+17

w;

where (B;); is the j-th component of the vector B; and w; is the i-th weight.

Similarly, as for B-spline curves and surfaces, we can define the NURBS curves and

surfaces.

Definition 3.6. Given n NURBS basis functions R; ,, i = 1,2, ..., n and corresponding
control points B; (as in Def. 3.5), i =1,2,....,n, a NURBS curve is given by

C(¢) = Z R ,(€)B;.

Definition 3.7. Given a control net {B; ;}, i = 1,2,...,n, j = 1,2,...,m, polynomial
degrees p and ¢ and knot vectors = and H, a NURBS surface is given by

SEm =YD RipyR(n)Biy,

i=n j=1

where R; () and R;,(n) are univariate NURBS basis functions of order p and ¢ cor-

responding to knot vectors Z and H, respectively.
Similarly, also NURBS curves/surfaces have the same properties as B-spline curves/surfaces:

- they are interpolatory at endpoints,
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they have affine invariance property,

they have strong convex hull property,

they have differentiability property and

they have local control property.

3.2 ISOGEOMETRIC SPACES

This section is about isogeometric spaces and the definitions are taken from [2,9].

Let us denote the domain in the physical space by 2. Similarly, let us denote
the domain in the parametric space by Q. In our work, O = [0,1]? depending on
the dimension d = 1,2 that we are observing. Thus, G : Q0 — Qs the geometry
mapping, taking points in the parametric space, & = (&, ...,&;), and returning the
corresponding points in the physical space, @ = (21, ..., z4). Also we assume that this
map is invertible, so G7! : Q — Q) takes points in the physical domain and identifies
their corresponding parameter values.

We define also the functions ¢ : 2 — R and ¢ :  — R as it can be seen in Figure 3.
The characteristic of isogeometry is: to go from €2 to R we don’t use the 1 function,
but we go around using ¢ o G=1. So for @ = (21, 22) € Q and & = (£, &) € Q it holds
that:

(a1, 22) = 00 G a1, 22) = (G (21, 22)) = (&1, &).

G

/\ acRr?

O=[01F

E=(51.5))

Figure 3: Graphical representation of the isoparametric concept in 2D.

B-splines or NURBS-based isogeometric analysis uses the B-splines or the NURBS

basis functions in order to approximate the solution of a PDE.
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More precisely, in one dimension, the geometry mapping G couldn’t be other than
the linear mapping since Q= [0,1] and € are intervals. Therefore the finite approxi-

mation space in which the numerical solution lies is
B, = span{yp : ¢ is a linearly reparametrized B-spline or NURBS basis function of degree p }.

In two dimensions, let G : [0,1]?> — € be the parametrization of the physical domain
of the form G(&) = (G1(&1, &), Ga(&1,&2)). Recall that the Jacobian is defined as:

0G1(£1,£2) 802(51752)]

_ o0& o¢
Ja(61,62) = [acl(é,sa) 9G (E1,62)
&2 02

We assume that the Jacobian of G' and its inverse are non-singular. The space of
B-spline or NURBS basis functions on 2 is defined as:

B,, = span{p o G~ ! ¢ is a tensor product of two B-spline or NURBS basis

functions of degree p and q}.

3.3 REFINEMENTS

In order to have more precise isogeometric solutions to the PDE using B-splines or
NURBS basis functions, we use three different procedures called refinements. With
refinements we enrich the basis, but the underlying geometry and its parametrization
remain intact. By doing refinements we have control over the element size, the degree
of the basis and we can control the continuity of the basis. We will present three
refinements: knot insertion, degree elevation and k-refinement.

The first mechanism by which one can enrich the basis is knot insertion. Knots
may be inserted without changing a curve geometrically or parametrically. Given a

knot vector Z = {&;, &2, ..., ntpt1}, we introduce the notion of an extended knot vector

(11|

= {& = §&.,6,, ...,§n+m+p+1 = &uipr1} such that = C =, which has m new knots.

Moreover, let B be the original set of control points of cardinality n. Then the new

set of control points, say B that one has to take in order to obtain the exact same
geometry is defined by the transformation: B = T? B, where T? is defined recursively

as:

e for ¢ =0:

1,if & <& <&
o _ JL TG S&<Gn (3.1)

,] .
0, otherwise

o forgq=1,2,....p:

§j+q+1 - gi—i-q Tg—l

qg gz—i—q - 5.7 qlfl Z7j+1 (32>

=" T +
Y Eie =& Y Cirgrr — &
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foralli=1,2,...n+m and for all j =1,2,....n.

Knot values already present in the knot vector may be repeated in this way, thereby
increasing their multiplicity, the continuity of the basis will be reduced. However,
continuity of the curve is preserved by choosing the control points in this way. Each
unique internal knot value may appear no more than p times or the curve becomes
discontinuous. Each time that we do knot insertion, we increase the number of control

points, elements and basis function, but the curve remains unchanged.

The second mechanism by which one can enrich the basis is degree elevation. The
process involves raising the polynomial degree of the basis functions used to represent
the geometry. Recall that the continuity of the basis at each knot is p—k, where k is the
multiplicity of the knot. Consequently, when p is increased, k must also be increased if
we want to preserve the discontinuities in the various derivatives already existing in the
original curve. During degree elevation, the multiplicity of each knot value is increased
by one, but no new knot values are added. The locations of the control points change,
but the elevated curve is geometrically and parametrically identical to the original
curve. The process for doing this involves subdividing the curve into many B-spline
curves by knot insertion, degree elevating each of these individual segments, and then
removing the unnecessary knots to combine the segments into one, degree-elevated,
B-spline curve.

Finally, k-refinement is a combination of degree elevation and knot insertion and
it stems from the fact that the processes of degree elevation and knot insertion do not
commute. More precisely, it consists first of elevating the degree from some p to some
q > p, and then of adding a knot £ into the knot vector so that the basis functions at
& are C7! continuous. While, if a knot ¢ is inserted before elevating the degree from
p to ¢ > p, then the basis functions at & would only be C?~! continuous.

These definitions were taken from [4,9]. For more details about refinements, we

refer the interested reader to [5].

3.4 L? APPROXIMATION

In this sub-chapter, we present the theory needed to construct the best approximant
using L? approximation. We also present the normed spaces which we will use in the
next chapters. The next definitions and theorems are taken from [5,17,20].

Definition 3.8. The space of square-integrable functions on Q C R? is defined as

L*(Q) = {u : Q2 — R such that /u2 dQ) < +oo}.
Q
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The corresponding norm is defined as

HUHLQ(Q) =1/ <U,U>L2(Q) = “/Qu2 dQ

The aim of the L? approximation is: given a function f € X we want to approximate
it with another function f € S C X. Let X = L?(2) be equipped with the norm as
in Def. 3.8 and let S C X. For any functions f,g € X we define the continuous inner

product as
(9= [ 1-gd0.
Q

In the subset S we have ensured the existence and uniqueness of the best approxi-
mant (see [20], Chapter 9).

Theorem 3.9. Let X = L*(2) and S C X. The element f €S is the best approzimant
by the L* approzimation method for f € X if and only if (f — f,s)Lz(Q) = 0 for all
sef.

Proof. For brevity we will write || - || and (-,-) instead of || - ||2() and (-,-)r2(0),
respectively.
Suppose (f — 1, s) = 0 for each s € S. Then

Hf—ﬂ%ﬂu—f+f—ﬂﬁ:/q—f+f_@amz

=(f—ff=-DN+2f-Ff-s)+(f—-sf—s) =
— = I+ 20~ ] - yﬂf—ﬂﬁ
f-s

=0, since

== FIP+ If = sl> > ||f = I
N——

>0

For the other direction, let s € S, let A > 0 be an arbitrary real number and let f be
the best approximant. We need to prove that (f — 1, s) =0 for all s € S. Since f4+As

is worse than f, we have:

0<|If = F+rs2=|If = fI> =
=|If = FIP+2XMf — fos) + 2N2|Is[]> = || f = fII* =
= 2X(f — f,s) + A?||s[|*.

When A converges to 0, also A\* converges even faster to zero. Thus, A\?||s||* can be
neglected and we have that (f — f ,s) > 0. Since s has been chosen arbitrarily and we
know that —s € S we have also that (f — f,—s) > 0, which multiplied by -1 becomes
(f = f.s) <0. So, (f — f,s) =0 as desired. O



Orlich T. Isogeometric Collocation.
Univerza na Primorskem, Fakulteta za matematiko, naravoslovje in informacijske tehnologije, 2022 18

Let {N;,}, i = 1,2,...,n be the basis of the space S. It follows that we can write
feSas f=3",aN,,fora; € R. By Thm. 3.9, it must hold that f —3>""  a;N;, L

S, which we can write as

Zal i Nip) = (f, N,y forj=1,2.. n. (3.3)

Now, let us denote by S;; = (N, ,, N;,) and F; = (f, N;,), where the inner product
is defined as in Def 3.8. Moreover, let S = [S;;], F = [F}] and a = [oy]. For i,j =

1,2, ...,n we can then write Eq. (3.3) in the matrix form as
Sa=F

where S is a symmetric positive definite Gram matrix.

Remark 3.10. Note that if Q C R?, the geometry mapping G is not a linear map and
therefore we need to be careful, when we reparametrize the domain Q = [0,1]? into Q.

So the inner products in Eq. (3.3) become:
Si; = (Nip, N. / o(21,22) - Njp(21,29) dc =
/[0 L Ninl60,8) Nyl ) deta(6s, )| 6
= (/s Njp) /f 21, 22) - Njp(a1, 22) do =
= f(&,&) - Njp(&r, &) - [detJa (&1, &2)| d€.

[0,1]2

Our aim in this work is to estimate the error between the exact solution and the
approximated solution obtained using the isogeometric collocation method. Mathe-
matically, the notion of the measure of the error implies a particular choice of norm
and therefore of the inner product. Next, we will define other normed spaces that we
will observe in the next chapters, specially in Chapter 7, where we will use this norms
to calculate the relative errors of the approximated functions. But firstly, let us define

the derivative operator.

Definition 3.11. Let a = (ay, as, ..., aq) € N4, where d is the spatial dimension, be a
multi-index (that is: d-tuple of non-negative integers) such that the order |a| = Zle Q;
is at most k € N. The derivative operator is denoted as

olely oM 0™ 0%
025 - 9157 - 028 01> 0232 0agt
Definition 3.12. Let kK = 1. The Sobolev space H;(f2) is the space of functions that

have square integrable derivatives and it is defined as

D% =

Hy(Q) = {u: D*u € L¥(Q), |a| < 1}.
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The associated norm is given by

HUHHl(Q) - \/ <U7U>H1(Q)a

while the inner product is defined as:

(U, V) i, () = Z / D%u - D%v dS2,
Q

la|<1

where u and v are two functions in 2.

Definition 3.13. Let & = 2. The Sobolev space H3(f) is the space that have, not just
square integrable first derivatives, but also square integrable second derivatives, and it

is defined as
Hy(Q) ={u: D% € LQ(Q), la < 2}.

The norm associated with Hy(£2) is given by
||u||H2 (Q) = <U, U>H2(Q),

while the inner product is defined as:

(U, ) iy () = Z /Dau~D% Q.
Q

lar|<2
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4 POISSON’S PARTIAL
DIFFERENTIAL EQUATION

We will now define the strong form of Poisson’s PDE as boundary value problem, which

is an elliptic, linear, second-order PDE. The definitions are taken from [5,17,19].

Definition 4.1. Consider a domain 2 C RY, i.e. an open, bounded and connected
set, and let 0f2 be its boundary. Also let ® = (21, x2, ..., x4) be a d-tuple. The strong

formulation of the Poisson equation is
Au(x) = f(x) for x € ,

where f = f(x) is a given function and the symbol A denotes the Laplacian operator,

which is defined as

d
0%u
Au(x) = —.
(@) — Jx?
=1
To obtain a unique solution, we need to add suitable boundary conditions, which

means that we need information about the behaviour of the solution v = u(x) at the

domain boundary 0f2. For instance, we can assign different boundary conditions:
e Dirichlet boundary condition: the value of the solution u on the boundary is
u = g on 0f),

where g : 92 — R is a given function. If g = 0, the boundary condition is said

to be homogeneous.

e Neumann boundary condition: the value of the normal derivative of u can be

imposed as

Au-n:@:honaQ,
on

where m is the outward unit normal vector on 92 and h : 92 — R is a given

function. If A = 0, the condition is said to be homogeneous.

e Mixed boundary conditions: different types of conditions can be assigned to
different portions of the boundary of the computational domain €2. For instance,
if 9Q = T'p UTy such that Int(I'p) N Int(T'y) = @, we can impose the mixed
boundary conditions:

u=gonlp

ou

on = h on FN-
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From now on, we will only consider the Poisson’s PDE with Dirichlet boundary condi-

tion and we will focus specially on one and two dimensional cases.

41 WEAK FORM APPROXIMATION BASED ON ISOGE-
OMETRIC ANALYSIS

In this sub-chapter, we will derive the weak formulation of the Poisson’s equation with
Dirichlet boundary condition for the one and two dimensional cases, which we will need
for the Galerkin method. To get the weak formulation, we need to characterize two

classes of functions: the collection of trial solutions and the set of weighting functions.

Definition 4.2. The collection of trial solutions is the collection of functions defined
as:
S ={ulu € HI(Q),u loa= g}

The collection of weighting functions is a collection of functions which is similar to the
trial solutions, but in this case we require the homogeneous counterpart of the Dirichlet

boundary condition. The collection of weighting functions is defined as:
V = {v|v € H(Q),v |so= 0}.
Let us consider the next non-homogeneous one dimensional Poisson’s PDE:
u'(x) = f(x) for z € Q

u(z) = g(x) for x € 0N
where 2 C R is the physical space, v : 2 — R is the solution, while f : 2 — R and

(4.1)

g : 022 — R are given sufficiently regular functions.

Lemma 4.3. The weak formulation of the Poisson’s PDE in one dimension 1s:

— / ' (z)v(x) doe = / f(x)v(x) dx
Q Q
where [ 1s a given function and u € S is the solution that holds for all v € V.

Proof. To obtain a weak formulation of the Poisson’s equation we need to first multiply

the equation with a test function v € V and then we need to integrate it by parts:
/u”(:c)v(x) dr = / f(x)v(z) dx
Q Q
[ (x)v(x)]| — / o' (z)v' (x) do = / f(x)v(z) de.
Q Q

o0N

The boundary term vanishes because v |go= 0 for v € V and so we get the desired. [



Orlich T. Isogeometric Collocation.
Univerza na Primorskem, Fakulteta za matematiko, naravoslovje in informacijske tehnologije, 2022 22

We can write the above equation in a more concise form as:
—a(u,v) = L(v)
where
a(u,v) = /Qu'(x)v'(x) dx and L(v) = /Qf(x)v(x) dx.
Let us now observe the two dimensional Poisson’s PDE:

Au(zx) = f(x) for x € Q
u(x) = g(x) for € 9N

(4.2)

where 0 C R? is the physical domain, = (71, 3), u : © — R is the solution, while
f:Q—=Rand g: 00 — R are given sufficiently regular functions.

Lemma 4.4. The weak formulation of the Poisson’s PDFE in two dimensions is:

—/Vu(m) -Vou(zx) de = / f(x)v(x) dz,
Q Q
where f is a given function and u € S is the solution that holds for all v € V.

Proof. As in the one-dimensional case, to get the weak form of the PDE, we have to

multiply the equation with a test function v € V' and then integrate by parts:

/Aude:/fde.
) )

Note that for brevity we omit the variables, i.e. we write just the functions. Since
we are in two dimensions, we need an extension of the formula of partial integration.

Recall the divergence (Gauss) theorem that says:

/VoadQ:/ a-n dy,
Q o0

where a(x) = (ai(x),az(x))? is a sufficiently regular vector-valued function, n(x) =
(ni(x),nao(x))? is the outward unit normal vector on 9 and the symbol V denotes
the divergence, which in 2 dimensions is defined as

2 (?ai

Voal(x) :;azi.

If we apply the Gauss theorem first to the function @ = (uv,0)” and then to a =

(0,uv)” and if we recall the product rule: %(fg) = g% + f%, we get the relations:

/uav dQ—i—/vau ds) = uvn; dry, i=1,2.
o Oz o Ox; o0
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Using these last relations, the fact that Au =V -Vou = Z?:l %(3—;) and that

v |an= 0, since v € V', we can modify the first integral in the next way:

2 0 ou
/ﬂAude:/Q;axi <axi)“dQ:

2 2
Ju v ou
= — g ds? g —aon; dy =
i1 /Q Ox; Ox; " i—1 JoQ O e
————

=0

2
:—/Zau v dQ:—/Vu-Vde
Qizlaxiaxi QO

]

Similarly as in the one dimensional case, we can write the weak formulation of the

Poisson’s PDE in two dimensions in a more concise form as:
—a(u,v) = L(v)
where in this case
a(u,v) = /QVu(a:)-Vv(a:) de and L(v) = /Qf(w)v(a:) de.

Here we see that despite in the strong form solution u must have well defined second
derivatives, the weak form only requires that first derivatives are square-integrable.
Also it can be shown that the weak solution and the strong solution are equivalent

almost everywhere (see [14]).

42 THE GALERKIN ISOGEOMETRIC METHOD

Galerkin method consists of constructing finite-dimensional approximations of S and
V, denoted by S* ¢ S and V" C V, which will be associated with subsets of the
space spanned by the isoparametric basis. Let ¢” be the approximation function of g
obtained using the L? approximation. We can characterize S" by recognizing that if
we have the given function ¢" € S" such that ¢" = g on 99, then for every u" € S*
there exists a unique v" € V" such that v = v + ¢". We can now write a variational

equation of the weak form of the Poisson’s PDE. The Galerkin form of the problem is:

Given g", find uh = v" + ¢", where v" € V", such that for all w" € V":

—a(wh, u") = L(w").

Since the functions spaces used in the Galerkin method are finite-dimensional, we

are dealing with a coupled system of linear algebraic equations. Let B, be the solution
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space defined in Chapter 3.2. Without loss of generality we can assume a numbering
for these functions such that there exists an integer n., < n such that Vi = 1,2, ..., ng,
N;, = 0 on 9Q. Thus, for all w" € V" there exist constants ¢;, i = 1,2, ..., n, such
that

Negq
'U)h: E CiNi,p-
i=1

Now, we can write that for any u” € S" there exist d;, i = 1,2, ..., ne, such that

Neq

u' ="+ g =" diN, + g (4.3)
i=1
Now we need to recall some definitions of functional analysis (which are taken
from [17]).

Definition 4.5. Given a function space V', a functional F' on V is an operator associ-

ating a real number to each element of V', that is:
F:V =R
A functional is said to be linear if
F(A\v + pw) = A\F(v) + pF(w) VA, ueR, Yo,weV,
and it is said to be bounded if there is a constant ¢ > 0 such that
F@)|<cllvly VeV

Definition 4.6. Given a normed functional space V' we call form an application which
associates to each pair of elements of V' a real number, a : V x V +— R. A form is

called bilinear if it is linear with respect to both arguments, that is, if

a(Au + pw,v) = Aa(u,v) + pa(w, v) Y\ pu e R Yu,v,w eV,
a(u, \w + pv) = Aa(u,w) + pa(u, v) Y\ € R Yu,v,w e V.

A form is called symmetric if a(u,v) = a(v,u), Yu,v € V.

Now, since a(-,-) is bilinear, we can derive from the Galerkin form that for all
wh e V7

a(w" v") = —L(w")—a(w", ¢") — Z ¢ <Z a(Nip, Njp)dj + L(N;p) + a(N;p, gh)> =0.
i=1

j=1
As the ¢;’s are arbitrary, it follows that the term in parentheses must vanish; thus,
fori=1,2,...,n. we have

Neq

> a(Nip, Njp)d; = —L(Nip) — a(Nip, g"). (4.4)

Jj=1



Orlich T. Isogeometric Collocation.

Univerza na Primorskem, Fakulteta za matematiko, naravoslovje in informacijske tehnologije, 2022 25

Now, define K;; = a(N;,, N;,), F; = L(N;,) + a(N;p, g") and moreover K = [K;],
F = [F}] and d = [d;]. Fori,j =1,2,...,n. we can rewrite the Eq. (4.4) as a linear
system

Kd=—F,

where K is usually called the stiffness matrix, F' force vector and d the displacement

vector. We can now get d; for i = 1,2,...,n., as d = K~ !'(—F) and inserting them in

Eq. (4.3) we can finally write the solution u":

Neq

i=1
If we are in a two dimensional space, we need to use the geometry mapping to

parametrize our domain, similarly as we showed in the L? approximation.

Lemma 4.7. Let us use the same notation as in the Chapter 3.2. Let ¢; : @ — R
and @; : [0,1]> — R be elements in the finite dimensional space V* for i = 1,2. Let
G : [0,1]% — Q be the geometry mapping. Then the next equality holds:

[ V) V@) da = [ € a&) - (el) Ve (©)ldet Jol6)] e
where Jg denotes the Jacobian of G.

Proof. We need to show that V(&) = Jg(&§)VY(x). Let us look at

9p(&1,€2) OY(G(&1,62))
— 193 _ ¢
V(&) = 390(511,52) - aw(G(gll £2))

6{2 652
Using the chain rule w g£ ‘fif + g;j ffj we get
[0y (z1,22) | 9G1(€1,62) 4+ x1ea) | 0Ga(61,6)
V (g) — o1 861 Oz 8
® Op(z1,w2)  9G1(£1,€2) + OY(z1,22) 3G’2(51 £2)
L Oz o2 Oxo 02
[0G1(&1,62)  9G2(€1,€2) O(x1,22)
_ 0, o] 0. _
= oot st | |oue | = J6(6 &) V(@ T2).
L 852 852 812

]

In our case N;, € V" so by using Lemma 4.7 on the two forms in Eq. (4.4), we get
Nip, N / VN, ,(x) - VN;,(x) de =
= [ el TN ) (ol TN (8)) - et Joe)| de

;) /f Vde= [ [(G(E) Niy(€) - |det Ja(&)] dé.

[0,1]?
Clearly, if we will have NURBS instead of B-splines basis functions, the procedure

would be the same.
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113
Example 4.8. Let = = {0,0,0,0, I 1,1,1,1}. In Figure 4 we approximate the
one dimensional homogeneous Poisson’s PDE:

u'(z) = —3x?sin(3rz), z € (0,1)

u(0) = u(1) =0,

with GIM, using = as the uniform and open knot vector.

Figure 4: The exact solution u(z) = 3 sin(37z) (in blue) and the approximated solution
(in red) obtained by using GIM.
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5 ISOGEOMETRIC COLLOCATION
METHOD

In contrast to the Galerkin isogeometric method, isogeometric collocation is based on
the evaluation of the strong formulation of the PDE at a set of discrete points called
collocation points. This method requires basis functions that are sufficiently smooth
to handle possibly high order differential operators. In this work we use B-spline (or
NURBS) basis functions as basis functions for the method. Let us consider now the
ICM for Poisson’s PDE.

5.1 SOLVING POISSON’S PDE

Let us consider the next Poisson’s PDE:

Au = f on
u = g on 0f)

where Q C R? d = 1,2, is the physical domain, u : Q — R is the solution, while
f:Q = Rand g: 002 — R are a given sufficiently regular functions. We assume
that the problem has a unique solution u. The collocation method used to solve this
problem is based on the choice of a finite set of collocation points and the choice of them
directly influence the stability and convergence properties of the collocation scheme.
In general, collocation points are defined in the parametric space Q) from which the
B-spline or NURBS geometry 2 has been built. So, let C = {7i}ier C Q) and let
7; := G(7;) for all ¢ € I, where G is the geometry mapping Q — Q. We then define
C := {7 }ier C . Let us separate C' into two distinct sets: C'p corresponds to the set
of collocation points belonging to the boundary 02, and C; corresponds to the set of
collocation points belonging to the interior of 2. This is equivalent to separating C
into the set of points belonging to the boundary 9 and the set of points belonging to
the interior of Q, and then mapping the two sets to {2 through G. Then the collocation

problem becomes

>
<
—
2
I

f(7), for each 7 € Cf

u(t) = g(7), for each 7 € Cp.



Orlich T. Isogeometric Collocation.
Univerza na Primorskem, Fakulteta za matematiko, naravoslovje in informacijske tehnologije, 2022 28

Let B, be the space in which the solution of the differential equation is sought, where
p € N\ 0 is the degree of the underlying B-splines, and let n be the dimension of B,,.
Moreover, let N;,, 7 = 1,2,...,n be the B-spline basis functions of B,. Then there exist
¢ €R,i=1,2,..,n,such that u =" | ¢N;,. Consequently, the collocation problem

is transformed into the following linear system whose unknowns are the coefficients ¢;:

Yo GAN; (1) = f(7), for each 7 € Cf, (5.1)
Yo ¢iNip(T) = g(7), for each T € Cp. '

The linear system for the one dimensional case can be written in a matrix form as
Ac = f, where A e R c e R", f € R" and

[ Nip(r)  Nap(r) o0 Na(n) & g(m)
N{/,p(T2) Né/,p(7-2) T NT/L/,p(TQ) (&) f<7—2>
A= : : : ,c= | ¢ | and f = :
N{cp(Tnfl) NQ,:p(Tnfl) s Ng,p<7nfl> Cn—1 f(Tnfl)
| Nip(Tn) Nap(Ta) =+ Nup(Ta) i | Cn | i 9(7a) i

This formulation gives rise in general to a non-symmetric (but diagonally dominant)
system matrix and if the choice of the collocation points leads to a well-posed problem,
it can be easily solved to find the solution v € B,,.

If two dimensional case is considered, we need to use the geometry mapping G to

parametrize the domain.

Lemma 5.1. Let ¢; : QO — R and i+ Q= R for i = 1,2 be two functions (as in
Figure 3). Moreover, let Ja(€) be the Jacobian of the geometry mapping G : Q — Q.

Then:
1

T Aet([Je @) Ie(©)

Av;(x) V(M(&)Vpi(£)),

where

M(€) = AU [Ta@)]Ta () - ([Ja(€)] Ja() ™.

The proof of Lemma 5.1 can be found in [3]. By Lemma 5.1, the linear system (5.1)

in two dimensions becomes:

St St Tt VM)V (Nip (T)N;p(7)) = (7). for cach 7 € Cr,

[Ja(™)TJa(T))
dic1 2jer CioiNip(T)Njp(T) = g(7), for each T € Cp,

where 7 = (71, 72). The solution u of a 2 dimensional Poisson’s PDE using ICM is
then sought in the space B,,. Note that, in two dimensions, collocation points are

first defined on each direction of the parametric space and then obtained on the whole
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space thanks to a tensor-product rule. Similarly as in the one dimensional case, the
linear system can be written in a matrix form, where the matrix on the left side has
dimensions n? x n?, while the vector of unknowns, ¢, and the vector on the right side

have dimension n?2.

5.2  GREVILLE COLLOCATION POINTS AND DEMKO COL-
LOCATION POINTS

The most widely used isogeometric collocation points are the Greville collocation

points.

Definition 5.2. Let = = {&,&, ..., & 1p+1} be a given knot vector as in the Def. 2.1
and let us consider univariate B-splines, then the Greville collocation points (GCP)

are defined as the mean of p consecutive knots, that is:

PO Sit1+ 82+ + &igp
(2 p J

If we use open knots, & = & = ... = §pq1 and {1 = pyo = ... = Engpya, then it
is easy to see that in this case, 71 = & and 7,, = {y1,+1. Figure 5 shows the Greville
collocation points for p = 3,...,7 on a knot vector with 8 elements. In the case of

bivariate B-splines, Greville points are defined by means of a tensor product rule.

Definition 5.3. Let = = {&1,&, ..., &napr1} and H = {01, M2, ..., Nmtq+1} be two knot
vectors, where p and ¢ are polynomial degrees, n and m are the numbers of B-spline
basis functions for = and H, respectively. Then, the Greville collocation points for a

two dimensional space are defined as 7;; := (&;,1;), where

£ = §iv1 + &2+ + &Ginp o ML T e g
i : i :
p q

Further we can map these points with the geometry mapping G : QO — Qto get
Tij:G(ﬁ'j), i:1,2,...,n, j:1,2,...,m.

The procedure is the same if instead of taking B-splines basis functions, we take
NURBS.

The other very widely used isogeometric collocation points are the Demko colloca-
tion points (DCP). Those points correspond to the extrema of the Chebyshev splines,
that are the splines whose extrema take the values +1 and that have the maximum
number of oscillations. Demko points can be obtained thanks to Remez iterative algo-
rithm. The Remez iterative algorithm is an efficient algorithm that constructs a unique

minmax polynomial given an initial set of points. The minmax polynomial is such a



Orlich T. Isogeometric Collocation.
Univerza na Primorskem, Fakulteta za matematiko, naravoslovje in informacijske tehnologije, 2022 30

0.0 0.z 0.4 0.8 08 1.0

0.0 0.z 0.4 0.8 08 1.0

0.0 0.z 0.4 0.8 08 1.0

0.0 0.z 0.4 0.8 08 1.0

Figure 5: Distribution of GCP for p = 3,...,7, on a knot vector with 8 elements.

polynomial that minimizes the maximum vertical distance between the polynomial and
the function in consideration. Unlike the Greville points, there is no explicit formula for
the Demko points, but it can be easily determined using the built in function chbpnt
in MATLAB (see [8]). This built in function uses as initial guess the spline that takes
alternatively the values 1 and —1 at the sequence, which is composed of averages of
successive p knots. Figure 6 shows the Demko collocation points for p = 3,...,7 on a

knot vector with 8 elements. We refer the interested readers to [6,10].
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Figure 6: Distribution of DCP for p = 3, ..., 7, on a knot vector with 8 elements.
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6 SUPERCONVERGENT
COLLOCATION POINTS

In this chapter, we discuss a choice of collocation points for which the solution obtained
using isogeometric collocation method behaves similarly to the standard Galerkin iso-
geometric approximation. The main idea of this method is that we seek the collocation
points for which the error in the second derivatives of Galerkin approximation is small.
We will see that there are at least two superconvergent points per element, so if we take
all of them, we obtain an overdetermined system of equations. This is why, we will,
later on, consider the Alternating and Clustered superconvergent collocation points,
which are subsets of superconvergent collocation points with cardinality equal to the

number of B-spline basis functions (n).

Let uy, be the approximated solution of a Poisson’s PDE with Dirichlet boundary
condition obtained by the Galerkin isogeometric method based on B-splines and let u

be its exact solution.

The superconvergent collocation points are the zeros of the Galerkin residual, that
is, the zeros of D*(u — uy). In [11] it is proven that there exist at least n distinct
superconvergent points for a space of dimension n and the collocation at those points
produces the Galerkin solution exactly. We also refer the readers to [1], where it is
investigated the use of the superconvergent points, in the second derivative, in collo-

cation.

Since in practice we don’t know the exact solution, and therefore neither the “exact”
superconvergent points, we will use a method to find the “surrogate” superconvergent
points (see [1,11,15]). We assume that the superconvergent points are element in-
variant, which means, that the points do not change their properties, if we map them
with an affine mapping from a reference domain to another one. Their locations are
presented in the Table 4 for the reference domain [—1,1]. From now on, we will call
the “surrogate” superconvergent points just as superconvergent points for simplicity,

even if this is not really true.
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6.1 METHOD FOR FINDING SUPERCONVERGENT
POINTS

We will now see a general method (which is described in [11]) to find superconvergent
points for B-splines of degree p and maximum continuity 4 = p — 1. In the next
sections, we will assume that the knot vector is open and uniform. As before, let u
be the exact solution of the Poisson’s PDE, wu; the solution obtained using the GIM
and define r = p + 1. Firstly, we need to perform the Taylor expansion of the error
e = u — up up to order r. The method is based on the a priori assumption that the
coefficients of the error expansion are the same in each knot span so that the expansion
reads

e=chPo+caPi+..+¢P+R in [—1,1] (6.1)

with R = O(h™!) as the remainder. Here P,, denotes the Legendre polynomial of
degree m on the normalized domain [—1,1], and ¢, is the corresponding coefficient
in the Taylor expansion, for m = 0,1,2,...,r. In this case h is a mesh length scale,
moreover, the knot span length. Our goal is to define a set of equations that allows
us to derive the coefficients of the Taylor expansion to eventually find the roots of e”
on each knot span. So we need to find for a knot span the r 4+ 1 coefficients in the

expansion up to a scaling factor. These conditions stem from

e the conditions on superconvergence of e (for even p) or of ¢’ (for odd p) at knots

and midpoints (see [21]) and

e the continuity conditions of e and its derivatives up to order p at the knots.

As follows, we will see how to find the coefficients cg, ¢1, co, ..., ¢, for the cases of even
and odd p.

For multi-dimensional problems on a B-spline or NURBS single-patch geometry,
the supeconvergent points can be obtained by further mapping the tensor product of
one-dimensional superconvergent points through the geometry map G in the physical

domain. Clearly, the same considerations of the one-dimensional case are valid.

6.1.1 Points for even p

For p = 2, it is known (see [21]) that superconvergent points for the second derivative
are located at the midpoints of each knot span. These points coincide with Greville
points. For p > 2, it is known (see [21]) that e is superconvergent at the knots and at
the midpoint of each knot span. This can be written as e(—1) = e(0) = e(1) = O(h"!)

and leads to the first set of equations:

e(1)+e(—1) = coPy(1)+coPo(1)+...4¢, 1 Py () = cotcatote1 = O(R™HY), (6.2)
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e(1) —e(—=1) = PL(1) + esPs(1) + ... + e, Po(z) = c1 + ez + ... + ¢ = O(W), (6.3)
e(0) = coPo(0) + 2 Po(0) + ... + ¢, 1 P1(0) = O(h™H1). (6.4)

The second set of conditions is about the continuity. The continuity of e is already
taken in consideration in Eq. (6.3), but we also need that the continuity holds for ¢/,
e’ and all subsequent derivatives up to order u. At this point it is important to recall
one of the identities regarding Legendre polynomials: P,,(—z) = (—1)™F,,(x). Using

this identity we get the next continuity equations:

€'(1) —€(—1) = caPy(1) + c4Pj(1) + ... + ¢, 1 P, (1) = O(h™t1)
e’(1) —€"(=1) = 3P (1) + s PY(1) + ... + e, P/ (1) = O(h™T)

e (1) — e (=1) = PWe,_y = O = ¢,y = O(R").

r—

The last equation, in combination with continuity conditions of the odd derivatives €,
" ..., and with the Eq. (6.4), gives

Ch = C = ... = Cp_1 — O(hr+1),

which eliminates all terms with even index from the expansion Eq. (6.1) and the

Eq. (6.2) becomes useless. Therefore, we are left with Eq. (6.3), and all the conti-

Y.

nuity conditions of the even derivatives e”, e! , e=1_ This means that we have

1+ % = =1 equations and % unknowns, and so the number of unknowns is one

2
less then the number of equations, as desired. The wanted coefficients can be then

computed by solving:

Pi(1) Ps(1) Ps(1) Po(l)  P(1) | [a&
0 PY(1) P(1) PLy(1) P | e 0 (65)
0 0 0 - PV P e 0

from which we get the coefficients cs, cs, ..., ¢, as functions of ¢;. Moreover we obtain
that

e(x) = ci(Pi(x) + k1 Ps(x) + ... + ks Po()) + O(h™th), (6.6)

where k1, ..., k% are the coefficients of ¢; obtained from the system (6.5). So now, we
found the coefficients of the error function of a knot span. To standardize the location
of superconvergent points, we need to map the Eq. (6.6) to the interval [—1, 1], which
we can do, since we assumed the element invariant property of superconvergent points.

The parameter ¢; can be simply thought of as a scaling factor which does not alter the
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roots of €, so we can eliminate it. If we now call er, the error function on the interval
[—1,1] we conclude that

er(n) = Pi(n) + k1 Ps(n) + ... + ke Po(n),  n e [-1,1]. (6.7)

The last step is to calculate ef(n) and to solve €}(n) = 0. In this case we get three
searching superconvergent points on the interval [—1,1]. The pseudo-code of the algo-

rithm for finding superconvergent points for p even is presented in Algorithm 1.

Algorithm 1: Superconvergent points for even p on [—1,1].

Input: Polynomial degree p.
Output: Vector s of superconvergent points on [—1,1].
1 7r:=p+1;
p=p—1
3 xi={xli=12,..5+1};
for 7=0,2,4,... ,p—1
5 for:=1,3,5,...,r
// A = matrix on the right-hand side of dimension % X %
L Ali, j] := j-th derivative of P;(z);

N

'

=]

7 ¢ < solution of A -z = 0;

e(w) = >2;2, cli] - Paioa(2);

9 s < solution of ¢’(x) = 0;

03]

10 return s;

6.1.2 Points for odd p

For odd p, it is known (see [21]) that €’ is superconvergent at the knots and at the
midpoint of each knot span. This can be written as €/(—1) = €/(0) = €/(1) = O(h")

and leads to the first set of equations:

(1) +e(=1)=ci +c3Py(1) + ... + ¢, P (1) = O(h™t) (6.8)
€' (1) — €(=1) = caPy(1) + c4Pj(1) + ... + ¢, P.(1) = O(h™t) (6.9)
e(0) = c1 4+ c3P5(0) + ... + ¢, 1 P._,(0) = O(R") (6.10)

Also in this case, the second set of conditions is about the continuity. The continuity
of €’ is already taken in consideration in Eq. (6.9), but we also need that the continuity

holds for e, ¢’ and all subsequent derivatives up to order p. Using the Legendre identity
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that we have mentioned before, we get the next continuity equations:

e(l) —e(—=1)=ci+ec3+ ... + ¢,y = O(h™)
e"(1) — e’ (=1) = e3Py (1) + es Py (1) + ... + ¢, P/ (1) = O(h™t)

e (1) — e (=1) = PM e,y = O(W) = ¢, = O(RHY).

r—

The last equation, in combination with continuity conditions of e and of its even deriva-
tives €”,...,e("=2)  gives

Cl =C3 = ...=Cpr_1 = O(hr—’—l),

which eliminates all terms with odd index from the expansion Eq. (6.1) and the
Egs. (6.8) and (6.10) become useless. Therefore, we are left with Eq. (6.9), and all

the continuity conditions of the odd derivatives e, e® ..., e*=Y_ This means that

we have 1 + 5% = =2 equations and 2

number of unknowns is two less then the number of equations. It can be shown that

unknowns. In this case we obtain that the

co = 0. We omit the proof, because we are only interested in the derivatives of the
error, for which the coefficient ¢y does not play any role. The desired coefficients can

be then computed, similarly as in the case for even p, by solving:

p(1) pi(1)  F(1) - PL,(1)  F(1) | |e 0
0 P/// 1 P/// 1 . P/// 1 P/// 1 c O
)R R e B R e (O
0 0 0 - P PV e 0

from which we get the coefficients ¢y, cg, ..., ¢, as functions of ¢y. Therefore we obtain
that
e(x) = co( Py(x) + k1 Py(z) + ... + k%Pr(x)) + O(h™), (6.12)

where kq, ..., /{:% are the coefficients of ¢; obtained from the system (6.11). So as before,
we found the coefficients of the error function of a knot span. Again, to standardize
the location of superconvergent points, we need to map the Eq. (6.12) to the interval
[—1,1]. So, in this case, eg, the error function on the interval [—1,1], rescaled to

eliminate the missing constant ¢, can be approximated as
er(n) = Po(n) + k1 By(n) + .. + k=2 P(n),  me[=1,1]. (6.13)

The last step is identical as the one for even p: we calculate /(1) and solve €%,(n) = 0 so
we get the two searching superconvergent points on the interval [—1,1]. The pseudo-
code of the algorithm for finding superconvergent points for p odd is presented in
Algorithm 2.

The error functions and their second derivatives for even and odd p are presented

in Table 3, while the zeros of €7, are presented in Table 4.
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Algorithm 2: Superconvergent points for odd p on [—1, 1].

Input: Polynomial degree p.

Output: Vector s of superconvergent points on [—1,1].

1 7r:=p+1;

N

pi=p—1

3 x:={xli=12,.., }%1};

I

(=]

for =1,3,5,...,p—1
fori=2,4,6,...,r

L // A = matrix on the right-hand side of dimension

Ali, j] := j-th derivative of P;(1);

7 ¢ < solution of A -z = 0;

0]

r—2

e(x) =322 cli] - Paia(w);

9 s < solution of ¢”(z) = 0;

10 return s;

T r—2
2X 2 7

Table 3: Error functions and their second derivative for different degrees.

er(n) er(n)

—sn(n* — 1) —157
—8—70(15774 —30n%+7) %(1 — 3n%)
161(3n" = 109* +7) Tl —1)

48

L(21n% — 105n9* + 147n% — 31)

£(15n* — 30m2 + 7)

-2n(3n° — 21n* + 499* —

31)

—2n(3n* — 10> 4+ 1)

N[O | O W N

76400

35 (15m% — 140n° + 490n* — 620n2 + 127) 33

T 160

(21n°% — 105n* + 147n* — 31)

Table 4: Superconvergent points on interval [—1, 1] for different degrees.

zeros of e”

p
2 0

3 i\/ig

41 -1,0,1

5 | £0.51932962
6| —1,0,1

7

+0.50491857
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6.2 LEAST-SQUARES AT SUPERCONVERGENT COLLO-
CATION POINTS (LS-SP)

As mentioned above, with the just described method, we get approximately twice as
many SCP points as needed to define a collocation scheme. Let the superconvergent
points be denoted as {t; }icr. In details, let = = {&, ..., &uqpt1} be a knot vector with
notation as in Def. 2.1, then we have found |I| = 2(n — p) SCP for odd polynomial
degree p and |I]| = 3(n—p) SCP for even polynomial degree p. Note that we get enough
SCP only if |I| > n, i.e. it must hold n > 2p for p odd and 2n > 3p for p even. Figure 7
shows the SCP for p = 3,4, ...,7 on a knot vector with 8 elements.

Figure 7: Distribution of SCP for p = 3,...,7, on a knot vector with 8 elements.

If we take all of them, we get an overdetermined system of equations, which we can
solve in a least squares sense, leading to a method which is not strictly a collocation
method, but we mention it as a sake of completeness. We refer the interested readers

to [12]. Recall from Chapter 5.1, that the isogeometric collocation problem in one
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dimension, can be written in a matrix form as Ac = f. In this case we will have a
non-square matrix A of dimensions m x n and a longer vector f of dimension m, where
m = 2(n — p) if p is odd and m = 3(n — p) if p is even. To obtain the solution by the
method of least squares, we firstly need to multiply both sides by A” and then solve
the system:

ATAc=ATf — c=(ATA)'ATf

to get the desired coefficients ¢; for ¢ = 1,2, ...,n. Similarly we can do for the two

dimensional case.

6.3 ALTERNATING SUPERCONERGENT COLLOCATION
POINTS

In [11], it’s observed that any subset of SCP will produce the Galerkin solution, pro-
vided that there is at least one point on the support of each B-spline or NURBS basis
functions. Now we need to select as many collocation points as B-spline basis functions,
ie. n.

The Alternating Superconvergent collocation points (ASCP) is a selected subset of
the superconvergent points, say {7;}7_,. This set of points is selected in such a way that
every element [§;,&;41) of the knot span contains at least one superconvergent point.
This roughly means to consider every second superconvergent point, hence the name of
the method. We want to impose Dirichlet boundary conditions strongly; therefore we
define 77, = 0 and 7, = 1. To find the internal points, {7;}"=,, we consider separately
the case when p is odd and p is even. For p is odd we need to separate the cases
when n is odd and n is even. When n is odd, we delete every second SCP 1); starting
from ¢ = 2 up to n — p and then, to get a symmetric stencil, we delete every second
point from 2(n — p) — 1 back, up to n — p + 3. While, when n is even, we delete
every second SCP 1); starting from ¢ = 2 up to n — p, as before, and then every second
point from 2(n — p) + 1 back, up to n — p + 3. By deleting these points, we obtain
@ +1 =n—p+1 points, which is less than n — 2 if p > 3. Therefore, for p > 3, we
need to add x points, where the number x is found by solving n —p+1+x =n — 2.
These p — 3 points are added close to the boundary of our domain. For p is even, as
in [11], we take the Greville points, since there is no subset that gives better order of
convergence. The algorithm for finding interior ASCP is presented in Algorithm 3.
The ASCP for odd p and different n are presented in Figures 8 and 9.
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p=3
- He—e—ct8 ete—oHe—a1s L an L A =—a—
0.0 0.2 0.4 0.8 0.e 1.0
p:E

L
0.0 0.2 - 0.4 - 0.6 - 0.8 1.0

p=?
-—gt —_ —_ e e
0.0 0.2 0.4 0.8 0.8 1.0

Figure 8: Distribution of internal ASCP for odd p = 3,5,7 with a given knot vector
having 10 elements and n = 13: the ASCP are in orange, the remaining superconvergent
points are displayed with blue circles, while the black rounded orange points are the

“additional points”.

p=3
-8 S8 i b ——— L ++=—ato—a
0.0 0.2 0.4 0.8 0.8 1.0
F]=5
———etesa—ta—te—mte——eat o e &to—at-g—e—
0.0 0.2 0.4 0.8 0.8 1.0
F]=?

Figure 9: Distribution of internal ASCP for odd p = 3,5,7 with a given knot vector
having 9 elements and n = 12: the ASCP are in orange, the remaining superconvergent
points are displayed with blue circles, while the black rounded orange points are the

“additional points”.
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Algorithm 3: Alternating superconvergent collocation points.

Input: Vector of SCP (s), number of B-spline basis functions (n) and
polynomial degree (p).

Output: Vector of ASCP (a).

if p is odd then

2 if n is odd then

fuy

3 fori=2,4,6,....n—p

4 t delete s[i] from s;

5 fori=2(n—p)—1,2(n—p)—3,....n—p+3
6 t delete s[i] from s;

7 else

8 fori=2,4,6,....n—p

9 t delete s[i] from s;

10 fori=2n—p)+1,2(n—p)—1,....n—p+3
11 t delete s[i] from s;

12 | a<s;

13 for:=2,4,6,...,p—3
14 t add s[¢] and s[2(n — p) — ¢+ 1] to a;

15 add 0 and 1 at the beginning and at the end of a, respectively ;

16 else
17 fori=1,2,....,n
G T
18 t a[z] = Si=ul
P

19 return a;

6.4 CLUSTERED SUPERCONVERGENT COLLOCATION
POINTS

Another choice of collocation points among the superconvergent points, alternative to

ASCP, are the Clustered Superconvergent collocation points (CSCP).

In this case, the idea is to select two superconvergent points in an element and
then skip the following one. As for the ASCP, we want to impose Dirichlet boundary
conditions strongly, so again, we define 7y = 0 and 7,, = 1. To find the internal points,

{7;}7=}, we again consider separately the case when p is odd and p is even. For p is

odd (see Figure 10), we delete every fourth SCP {4;, 1,1} starting from i = 3 up to

2(n — p) — 1. By deleting these points, we obtain @ = n — p points, which is less
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than n — 2 for p > 2. Similarily as for ASCP, by solving n — p+x = n — 2, we get
that we need to add p — 2 points close to the boundary of the chosen interval (which in
Figure 10, are referred as the “additional points”). Again, from [11] we know that there
is no subset that gives better order of convergence as that of Greville points. Therefore,
for p is even we choose the Greville points. The algorithm for finding interior CSCP is

presented in Algorithm 4.

Algorithm 4: Clustered superconvergent collocation points.

Input: Vector of SCP (s), number of B-spline basis functions (n) and
polynomial degree (p).
Output: Vector of CSCP (c).
1 q:=0;
2 if p is odd then
3 for i =3,7,...,2(n—p) -1
4 t delete s[i] and s[i + 1] from s;
5 | s
6 while length(c) # n — 2 do
7 add s[2(n —p) — q] and s[g+ 1] to ¢;
L q++

9 add 0 and 1 at the beginning and at the end of ¢, respectively ;

10 else
11 fori=1,2,....n
D S Y S
12 L cli] = ===
P

13 return c,




Orlich T. Isogeometric Collocation.

Univerza na Primorskem, Fakulteta za matematiko, naravoslovije in informacijske tehnologije, 2022 43

p=3
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Figure 10: Distribution of internal CSCP for odd p = 3,5,7 with a given knot vector

having 10 elements: the CSCP are in green, the remaining superconvergent points are

displayed with blue circles, while the black rounded green points are the “additional

points”.
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7 NUMERICAL TESTS

This section is devoted to the numerical tests of the ICM for Poisson’s PDE with
Dirichlet boundary conditions in one and two dimensions for different collocation points
{7:}icr- With the numerical tests we observe the rate of convergence depicted with
graphs.

As till now, let u be the exact solution of the Poisson’s PDE and let u; be the

approximated solution obtained with the ICM. The relative error is then calculated as

o il
Il [ x
where X represent the normed space and h is the length of the knot span of the
considered uniform and open knot vector =Z. In the next, we calculate relative errors
considering L?, H; and H, norms. Each graph has on the y-axis log,(e%)/log,(10)
and on the x-axis the levels. The level represents the number of elements of = and
each time we do knot insertion refinement (in particular, we double the elements), we
increase the level. More precisely, the set of levels is {2¢ - ho}5_,, where hy = % and
in the graphs are presented with number 1, 2, 3 and 4, respectively. In the graphs we
draw also the reference lines which helps us to see the rate of convergence. To find the

rate of convergence, we have to compute the relative errors and they can be written as

r r+1
e = Ch™ + O(*Y), et =C (g) o) ((g) ) ,

where C' € R is a constant and h represent the initial knot span, i.e. h = hio The rate

of convergence for the initial A is then

oh
ry, = log, (—f
ex

and similarly we can compute also Thy Ty We expect that this sequence converges
to a number, which we denote by r. The reference line is then defined as ((h) = h™",

where r is the rate of convergence.

Example 7.1. For the first example, let Q = ) = [0,1] and let us consider the one

dimensional Poissons’s PDE:
u'(z) = —3n? cos(3rz), for z € (0, 1),

w@) =4 u(h)=-},
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whose exact solution is u(z) = 1cos(37z). In this example we take h = = and so

16
ho = 16.
In Figure 11 we observe the rate of convergence of ICM using GCP:

e the rate of convergence in L? norm is p — 1 for odd polynomial degree and p for

even polynomial degree (see Figure 11a),

e the rate of convergence is the same in H; norm as in Ly norm (see Figure 11b)

and

e the rate of convergence decreases in Hy norm for even polynomial degree, indeed,

regardless o parity, it is p — 1 (see Figure 11c).

o} ol
— p=3 — p=3
s ~f o s ot o
E —— p=b — p=t
s —— p=6  °r — p=6
2 — p=l £ — p=7
2 B e ref- h2 | & T (R ref: i<
_____ ref K4 - ref b
T e Qe ref: H° T e (e ref: h°
-12F L . . . -12} .
1.0 1.5 20 25 2.0 3.5 4.0 1.0 1.5 20 25 20 35 4.0
Level Level
(a) Relative error in L? norm. (b) Relative error in H; norm.

nomm ernar

H

Relative

12k

(c) Relative error in Hy norm.

Figure 11: 1D relative errors for GCP.
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In Figure 12 we can see the rate of convergence of ICM using DCP. In this case the

errors converge with the same orders as for the Greville points:

e in L2 and H; norm the rate of convergence is p — 1 for p odd and p for p even
(see Figure 12a, 12b) and

e in H, norm the rate of convergence is p — 1 (see Figure 12c¢).

ol ol
— p=3 — p=3
5 4r p=4 5 T p=4
—— 5 | —— =t
< o —— b | —— b6
g — p=T g — p=T7
2 e 0 a1 e ref: ™=
,,,,, ref: b4 el
e S e ref: h™® A s S ref: b®
-12 . . . —EL .
1.0 15 20 25 20 35 4.0 1.0 1.5 20 2.5 2.0 3.5 4.0
Level Level
(a) Relative error in L? norm. (b) Relative error in Hy norm.

Relative Hy nom error
|
b
T

Level

(c) Relative error in Hy norm.

Figure 12: 1D relative errors for DCP.
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The convergence orders of ASCP are shown in Figure 13:

e in L? and H; norm the rate of convergence is p (see Figures 13a and 13b),

regardless of the parity of p,
e in H, norm the rate is p — 1, again regardless of the parity of p (see Figure 13c).

Therefore we can observe that with ASCP we get a better approximation for odd p
than using GCP or DCP.

o ol
- — p=3 f p=3
. p= . p=
5 4T —— p=h H T p=5
g — p=6 ; — p=b
5 o I — ot
- I
- e upupupu I o - e e . ref: i3
g -sf i sl
& ref K | 2 ref- 4
el T T ref h° oLl TR TR | e ref: i°
————— ref: i ——--- ref: h°
= e ref: H7 R ref: b7
12 Ts 20 zs 20 2z 20 0 Tz 20 2z ) 25 Py
Level Level
(a) Relative error in L? norm. (b) Relative error in H; norm.

Relative Hy norm eror

-1z

Level

(c) Relative error in Hy norm.

Figure 13: 1D relative errors for ASCP.
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In Figure 14 the rate of convergence for CSCP using ICM is illustrated:

in L? norm the rate of convergence is p + 1 for odd polynomial degree and p for

even polynomial degree (see Figure 14a),
in H; norm the rate of convergence is p (see Figure 14b) and

in Hy norm the rate of convergence is p — 1 (see Figure 14c).

With CSCP the rate of convergence for odd p is even better in comparison with the
ASCP, GCP and DCP.

Relative L norm ermor

|
@
T

Relative Hj norm arrer

I
=1
T

-12L

Level

(b) Relative error in Hy norm.

Relative Hy norm error

1zl

(c) Relative error in Hy norm.

Figure 14: 1D relative errors for CSCP.
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In Figure 15 we can observe the comparison between different collocation points
and the Galerkin isogeometric method when p = 3. Clearly, our aim is to achieve the
rate of convergence of the Galerkin isogeometric method. Since DCP result in a very
slightly differences in accuracy compared to GCP, we omit them in the graphs. We

can summarize the results from another point of view:

e in L? norm and p odd, the convergence rate is optimal for CSCP, for ASCP
is one-order suboptimal, and it is two-orders suboptimal for GCP (and DCP).
For even degree, in all types of collocation points we get one-order suboptimal

convergence;

e in H; norm the convergence rate is optimal for all collocation points except for
GCP (and DCP), when the polynomial degree is odd;

e in H, norm all mentioned collocation points gives the optimal rate of convergence.

nomm error

Relative Hy nomm error

Relative L°

(a) Relative error in L? norm. (b) Relative error in H; norm.

Relative Hy norm eror

(¢c) Relative error in Hy norm.

Figure 15: Comparison of relative errors for different methods and norms when p = 3.
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Example 7.2. For the second example, let Q = Q = [0,1]? and let us consider the two

dimensional homogeneous Poissons’s PDE:

2

Au(zy, 29) = —m? sin(mxq) - sin(mxs), (21, 22) € Q

u(xy, o) =0, (21, 22) € 082,

whose exact solution is u(zy, x2) = § sin(mz) sin(m2). In this example we take ho = 4
and so h = i. Also, the geometry mapping G remains for now the identity. Note that
to find the B-spline basis functions, we do the tensor product of the chosen knot vector,
i.,e. = x Z. Similarly, we do also for collocation points, that is to say, that we have the
same collocation points in both directions.

In this case we calculated the relative errors for p = 3,4, 5, because the time com-
plexity of the algorithm is much bigger. In Figures 16, 17, 18 and 19 the rates of
convergence for GCP, DCP, ASCP and CSCP, are shown respectively. It is possible to
observe that the same orders of convergence in the L?, H; and H, norms expected in

1D case are attained also in 2D case.

Relative Hy no

Re

Level Level

(a) Relative error in L? norm. (b) Relative error in H; norm.

— p=3
H - p=t
_E‘ ) p=5
————— ref: b
e b ref: b8

ref: h7*

Level

(¢) Relative error in Hy norm.

Figure 16: 2D relative errors for GCP.
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Figure 17: 2D relative errors for DCP.
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Figure 18: 2D relative errors for ASCP.
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Figure 19: 2D relative errors for CSCP.

Example 7.3. Let {2 be a domain different from the parametric one and let the ge-
ometry mapping be the so called bilinear mapping. Moreover, let €2 be the rhombus
with vertices (0,0), (1/3,1), (1,1/2) and (3/2,3/2). The geometry mapping is defined
using Bernstein basis polynomials. Recall that the Bernstein basis polynomials are of

the form:
n . .
i) = (1 )a' -,

and so the tensor product of two Bernstein basis polynomials having the same degree

n, is defined as:
Bij(x1,72) = (2)9511(1 — )" (]) J(1 — g)™ .

The geometry map, G : [0,1]?> — €, used in this example is then defined as:
1
G(SDSQ) - Z Bz,] : le,](gla §2)7
i,j=0

where B;; are the control points, i.e. the vertices of the rhombus: By, = (0,0),
By, = (1/3,1), By = (1,1/2) and By; = (3/2,3/2). Let us analyse the next two-
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dimensional Poisson’s PDE:

(

Au(ry, z9) = —m2sin(mwy) - cos(mxs), (11, 22) € Q
(
3 cos(3may ) sin(ma;) for x5 = 3x1, 21 € [0, 3]
Lcos(2m(2 + 21)) sin(nz for o = 3y + & 2, € [£,2
u(x, x3) = 1 z cos(z 1)) sin(rz) 2= gntnn €l , (21, 29) € 09,
—1 cos(2may) sin(ry) for zy = 2z, — 3, 21 € [1, 3]
\ \%COS(%) sin(7zy) for xy = a1, 71 € [0,1]

whose exact solution is u(x1, ) = 3 - cos(mxs) - sin(ra;). The physical domain with

the exact solution can be seen in Figure 20.

Figure 20: The physical domain €2 and the exact solution of the Poisson’s PDE.

Since we obtain the same rates of convergence as in the one dimensional case, in
this work, we present the relative errors for the ICM using just GCP. In Figure 21 are
shown the GCP on the physical domain 2, using B-spline basis functions of degree
p = 3 and knot vector with 8 elements. GCP are 7;; = G(7;;), where 7;; := (éhé]) for
1,7 =1,2,...,11, as defined in Def. 5.3.

In Figure 22 are presented the relative errors in the L? and H; norm for p = 3,4,5

using GCP. Also in this example, as in the previous one, we take hg = 4 and so h = ;11.
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Figure 22: 2D relative errors for GCP.

Example 7.4. Finally, in the last example, we consider as a computational domain
2 the quarter of an annulus. Again we need the geometry mapping G that maps the
points from the domain [0,1]? to the domain  and we define it using Bernstein basis
polynomials. Firstly, we define two sets K! and K? in the next way:

K'= {(cos(%i),sin(%i)) fori =0,1,...,9}

K? = {(2005(1182'), 2sin(1”—8@')) fori =0,1,...,9}

Then the control points are defined as

i) + jki
i) + jk?

B cos(

4 —

[ 5=

sin({

o
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Figure 23: The physical domain €2 and the exact solution of the Poisson’s PDE.

for i,j = 0,1,2,...,9 and k},k} € R are such that cos(:5i) + 9k; = 2cos(f5i) and
sin(f51) + 9k7 = 28111(—1) The geometry mapping G(u,v) is defined as:

Z B;;B; (u,v).
1,j=0
We observe the two dimensional Poisson’s PDE with the same exact solution as
in the previous example; note that the boundary conditions are clearly different. The
physical domain €2 and the exact solution of the Poisson’s PDE are shown in Figure 23;
while in Figure 24 we can see the distribution of GCP on ), using B-spline basis
functions with polynomial degree p = 3 and knot vector with 16 elements. Since the
rate of convergence remains unchanged and the time complexity is big, we omit the

graphs.

...o.ootgé_'!'o'oi"-'
15

Figure 24: Distribution of GCP on 2.
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8 CONCLUSION

In this thesis we investigated the rate of convergence of various collocation points on
ICM on Poisson’s PDE in one and two dimensions. We began by reviewing the most
significant properties of B-spline and NURBS basis functions, curves, and surfaces.
Then we introduced a recent method for solving PDE, namely the IgA, as well as
refinements, i.e. techniques for obtaining better isogeometric solutions. Then we de-
scribed the first method, L? approximation, in which we saw the geometry mapping
in action for the first time. Then we moved on to PDEs, specifically to the Poisson’s
PDE with various boundary conditions, in both dimensions and both formulations. In
this thesis we focused exclusively on the Poisson’s PDE with Dirichlet boundary con-
ditions. We observed the second approach, the GIM, thanks to these definitions. After
that, we got to the heart of the issue: the ICM, which, unlike the GIM, employs the
strong PDE formulation. Then we started to notice some collocation point families.
GCP and DCP are the most widely utilized. The SCP are the most recent collocation
points, with which we attempt to reach the same solution as the GIM by requiring
the collocation residual to be zero at superconvergent points. Yet, because we do not
have access to the actual location of the superconvergent points, we must approximate
them; however, these “surrogate” points do not accurately approximate the Galerkin
residual zeros throughout the domain. Then we select two subsets of superconvergent
points with orders equal to degrees of freedom, these are the ASCP and CSCP. Finally,
we ran several numerical tests of ICM of Poisson’s PDE in one and two dimensions,
examining the rate of convergence on L2, H; and H, normed spaces. The following

table summarizes our findings:

GCP and DCP | LS-SP and CSCP

GIM ASCP
podd peven | podd peven
L? | p+1|p—1 P p+1 P P
H| p |p-1 p p p p

Hy|p—-1|p—-1 p-1 |p-1 p—1 p—1

Table 5: Comparisons of rate of convergence: GIM, GCP, DCP, LS-SP, CSCP, ASCP.

According to the Table 5, CSCP are the best choice for collocation points because

the rate of convergence is optimal for all norms except the L? norm when p is even. In
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fact, finding a set of collocation points for even p such that the rate of convergence in

the L? norm is optimal, is still an open problem.
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9 DALJSI POVZETEK V
SLOVENSKEM JEZIKU

V magistrski nalogi obravnavamo izogeometricno kolokacijsko metodo pri resevanju
Poissonove parcialne diferencialne enacbe.

Parcialne diferencialne enacbe (v nadaljevanju PDE, glej [17,19,20]) se pojavljajo
na ve¢ znanstvenih podroc¢jih. Ker so lahko tudi zelo kompleksne in jih zato ne znamo
resiti analiticno, so v zadnjih letih razvili racunske in numeri¢ne metode.

Najbolj uporabljena numericna metoda za resevanje PDE je metoda koncnih el-
ementov (FEM, glej [14]), katere slabost je, da moramo fizicno domeno aproksimi-
rat, njen izracun pa potrebuje veliko racunskega casa. Da bi premostili to tezavo,
se je v zadnjih letih razvila nova numeri¢na metoda, ki jo imenujemo Izogeometri¢na
analiza (IgA) in so jo prvi¢ obravnavali Hughes, Cottrell in Bazilevs v [4,5]. Njihov
cilj je bil zmanjsati razkorak med analizo konénih elementov (FEA) in ra¢unalnisko
podprtim oblikovanjem (CAD). Medtem ko s FEM domeno aproksimiramo z mrezo,
v IgA uporabimo funkcije, ki direktno opiSejo geometrijo. Znacilnost IgA je ta, da
uporabimo za bazne funkcije B-zlepke ali NURBS (neenakomerni racionalni B-zlepki)
(glej [6,7,16,18]). Te bazne funkcije oziroma B-zlepke in NURBS-e definiramo v drugem
poglavju, kjer dokazemo tudi njihove najpomembnejse lastnosti kot so nenegativnost,
particija enote in lokalna nosilnost. Ker so te funkcije enake tistim, ki jih uporabljamo
pri grajenju CAD geometrij, so te zelo odvisne od prikaza geometrijske domene. Ta kon-
cept imenujemo izogemetricni koncept in ga definiramo na zacetku tretjega poglavja.
Magistrsko delo nadaljujemo z definicijami geometrij B-zlepkov in NURBS-ov, ki so
krivulje in ploskve. Kot pomembne lastnosti krivulj in ploskev B-zlepkov navajamo:
afina invariantnost, lastnost konveksne ovojnice in lokalna kontrola. Podobne lastnosti
imajo tudi krivulje in ploskve NURBS-ov. V nadaljevanju opisemo teorijo IgA in spoz-
namo geometrijsko preslikavo. Sledi prikaz treh razliénih tehnik izboljsav za boljso
izogeometricno resitev PDE, ki so: vstavljanje vozlov, visanje stopnje in k-zgoScevanje.
Nadalje predstavimo prvo obravnavano metodo in sicer L? aproksimacijo, s katero
definiramo tudi L? normiran prostor in kasneje tudi H; in H, normirane prostore, ki
jih uporabljamo pri izracunu relativne napake v sedmem poglavju. V tem poglavju
je izogeometrija omenjena v opombi 3.10, v kateri upostevamo geometrijsko preslikavo
pri parametrizaciji dvo-dimenzionalne domene.

V ¢cetrtem poglavju se osredoto¢imo na Poissonovo PDE in definiramo razliéne robne
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pogoje in sicer Dirichletov robni pogoj, Neumannov robni pogoj in mesani robni pogoj.
V magistrski nalogi se osredinimo na Poissonovo PDE z Dirichletovimi robnimi pogoji.
Nato opisemo Galerkinovo izogeometricno metodo (GIM), ki je najbolj uporabljena
izogeometricna metoda za resevanje PDE. Postopek te metode predvideva, da najprej
pretvorimo PDE v sibko obliko (glej Lema 4.3 in Lema 4.4), ki potrebuje manj gladke
funkcije kot krepka oblika. Nato izracunamo integrale in dobimo linearen sistem. Za-
klju¢imo tako, da resimo linearen sistem, iz katerega dobimo koeficiente aproksimirane
resitve, ki pripadajo baznim funkcijam (to so B-zlepki ali NURBS funkcije). Ko obrav-
navamo Poissonovo PDE v dveh dimenzijah, moramo Se upostevati reparametrizacijo
domene (glej Lema 4.7). Vendar ta metoda potrebuje pri izracunu integralov specificna
integracijska pravila in natancnost resitve je odvisna od kvalitete metode numeric¢ne
integracije.

Glavna tema magistrske naloge je alternativna izogeometricna metoda za resevanje
PDE. Ta metoda uporablja krepko formulacijo PDE na mnozici diskretnih tock, ki jih
imenujemo kolokacijske tocke. S kolokacijsko metodo resujemo krepko obliko PDE, kar
odpravi integracijo, potrebuje pa bolj regularen prostor. Izogeometricno kolokacijsko
metodo (ICM) so prvi¢ predstavili Auricchio, Da Veiga, Hughes, Reali in Sangalli v [2].

V petem poglavju predstavimo ICM za Poissonovo PDE v eni in dveh dimenzijah
in obravnavamo dve razli¢ni vrsti kolokacijskih tock. Najbolj uporabljene kolokaci-
jske tocke so Grevillove in Demkove tocke, ker so to klasi¢ne interpolacijske tocke za
poljubno stopnjo in regularnost zlepkov. Porazdelitev Grevillovih in Demkovih kolkaci-
jskih tock je prikazana na slikah 5 in 6. Poznamo pa tudi novejSo navdusujoco alterna-
tivo. Gomez in de Lorenzis v [11] sta dokazala, da mora obstajati mnozica kolokacijskih
tock, ki eksaktno reproducira Galerkinovo resitev, kar posledi¢no pomeni, da ima na-
paka ICM isti red konvergence kot GIM. Mnozico kolokacijskih tock sestavljajo nicle
Galerkinovega residuala in jih imenujemo Cauchy-Galerkinove tocke (glej [1,11]). Zal
te tocke niso znane a priori, zato [1] izbere za nadomestne tocke take, pri katerih se
pod ustreznimi pogoji pojavi superkonvergenca drugega odvoda Galerkinove resitve.
Do tega prihaja, ker je Galerkinov reidual z uporabo Poissonove PDE ekvivalenten na-
paki aproksimacije drugega odvoda (glej [15]). Te tocke imenujemo superkonvergentne
tocke in jih predstavimo v Sestem poglavju. V tem sta navedena dva algoritma, s ka-
terima izracunamo superkonvergentne tocke v primeru, da je stopnja baznih funkcij
soda (glej Algoritem 1) oziroma liha (glej Algoritem 2).

Ker je stevilo superkonvergentnih tock vecje od prostostne stopnje, [1] predlaga
uporabo aproksimacije najmanjsih kvadratov za reSevanje predoloCenega linearnega
sistema. Ta sistem resimo z metodo najmanjsih kvadratov, ki je predstavljena v pod-
poglavju 6.2. Ta metoda pa ni ravno prava kolokacijska metoda. V [11,15] se predlaga
izbiro dveh razlicnih podmnozic superkonvergentnih tock, ki imajo kardinalnost enako

prostostni stopnji. Te dve podmnozici sta sestavljeni iz Alternirajoc¢ih (en. Alternat-
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ing) in Zdruzenih (en. Clustered) kolokacijskih tock. Alternirajoce superkonvergentne
kolokacijske tocke tvorimo tako, da izberemo vsako drugo superkonvergentno kolokaci-
jsko tocko (glej Algoritem 3), Zdruzene superkonvergentne kolokacijske tocke pa tako,
da izberemo vsako drugo dvojico tock (glej Algoritem 4).

Magistrsko nalogo zaklju¢imo z analizo konvergencnega reda ICM za Poissonovo
PDE na omenjenih kolokacijskih tockah. V prvem primeru si ogledamo nehomogeno
Poissonovo PDE v eni dimenziji, v drugem primeru pa homogenovo Poissonovo PDE
v dveh dimenzijah. V obeh primerih je fizicna domena enaka parametricni domeni, ki
je [0,1]?. V zadnjih dveh primerih pa fizicno domeno spremenimo: fizicna domena v
enem primeru je bilinearna preslikava enotskega kvadrata (glej Sliko 21), v drugem pa
je ¢etrt kolobarja (glej Sliko 24). Kot je opisano v [1,13,15], tudi mi opazimo, da so redi
konvergence do sedaj predstavljenih ICM vsaj za sode stopnje nekoliko slabsi od redov
konvergence GIM. Redi konvergenc za L?, H; in H, normirane prostore so prikazani v
tabeli 5, iz katere je razvidno, da imajo, na primer, Alternirajoce superkonvergentne
tocke sub-optimalen red v L? normi, medtem ko imajo vse obravnavane kolokacijske
tocke optimalen red v Hs normi. Prav tako pa imajo Zdruzene superkonvergentne
tocke vsaj za lihe stopnje optimalne rede konvergenc, kar jih dela uporabne v praksi.
Za sode stopnje ostaja odprt problem, kako poiskati druzino kolokacijskih tock, ki bi

tudi v L? normi imela optimalen red.
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APPENDIX A GIM

+ INPUT: open knot vector (Z), polynomial degree of the B-splines basis functions (p), exact solution of Poisson's PDE

OUTPUT: galerkin approximate solution (galerkin

GIM[p_, =, U_] : Module[{F, g, n, B, rhs, lhs, coeffgh, gh, stiff, force, coeff, galerkin},

(#f(x) and g(x) of the Poisson’'s PDE«x
flx_]:=D[U[x], {x, 2}];
glx_] :=U[x];

n=Length[=Z] -p-1; (+*number of B-spline basis functions=
B[i_, £_] := BSplineBasis[{p, =}, i, £]; (*B-spline basis functions N (<)«

(#approximation function g" using L? approximations

«+ matrix on left side =«

lhs = Table [Table [NIntegrate[B[i, u] B[j, u], {u, ®, 1}], {i, @8, n-1}], {j, 8, n-1}];

(+ vector on right side

rhs = Table [NIntegrate[g[u] B[k, ul, {u, @, 1}], {k, @, n-1}1;

(#coefficients a;«
coeffgh LinearSolve[lhs // N, rhs //N];

(#approximated solutions

ghlu_] :=Sum[ (coeffgh[[i+1]]~B[i, u]}, {i,@, (n-1)1}];

(*galerkin methods«

(+stiffness matrixs

stiff - Table[Table[NIntegrate[D[8[i, u], u] D[B[], u], ul, {u, @, 1}], {1, 1, n-2}], {3, 1, n-2}];

(+force wvectors

force = Table | (-NIntegrate [f[u] B[k, u], {u, 8, 1}] - NIntegrate [D[gh[u], u]

(#coefficients d;«
coeff = LinearSolve[stiff // N, force //N];

(#approximated solutions

galerkin[u_] := sum[coeff[[i]] -B[1, w], {i, 1, n-2}] +gh[u];

Return[galerkin]

]

olelk, u]l, ul, {u, @, 111}, {k, 1, n-2}1;

(u



APPENDIX B ICM in 1D

+ INPUT: open knot vector (Z), polynomial degree of the B-splines basis functions (p), collocation points
exact solution of Poisson's PDE (U
OUTPUT: numerical approximate solution (app) +
cMmip[=, p_, 7, U_] := Module[{f, g, n, B, rhs, row, fun, lhs, coeff, app},

(«f(x) and g(x) of the Poisson's PDE=

Flx_]=DIU[x], {x, 2}];

glx_]:=U[x];

n = Length[Z] -p-1; (+number of B-spline basis functions=

B[i_, £_] := BSplineBasis[{p, =}, i, £]; (#*B-spline basis functions N; (5)+

[+ matrix on left side «
lhs = {};
Table|
row = Flatten|
Table|
(*local support property of Njp(S)+
IF[o[[k]] = Z[[i+1]] & o[ [K]]
If[(k=1]|k=n),
Bli, £]1 /. £ r[[k]],
(DB, £, {5, 2}]) /. €= 21 [K]]

]
1, {1, 8, n-1}]
IH
AppendTo[lhs, rouw];
» ka1, 01]

1hs = ReplaceAll [Null -+ @] [1lhs];

(* vector on right side »
rhs = {};
Table |
Iffk=1]||k=n,
fun=g[x] /. x> r[[k]],
fun =f[x] /. x—> z[[k]]
]
AppendTo[rhs, fun], {k, 1, n}];

(#coefficients cy+
coeff LinearSolve [lhs // N, rhs //N];

« approximated solution =
applu_] :=Sum[ (coeff[[i+1]] B[i, ul), {i, 8, (n-1)}]1;

Return[app]

]



APPENDIX C ICM in 2D

+ INPUT: open knot vector (Z), polynomial degree of the B-splines basis functions (p), collocation points in 1D (T},
exact solution of Poisson's PDE (U), geometry mapping (G
OUTPUT: numerical approximate solution (app) +

cM20[=, p_, =, U_, G_] := Module| {f, g, n, B, T2, JacG, M, L, rhs, row, fun, lhs, coeff, app, errorL2},

(#f(%,y) and g(x,y) of the Poisson"s PDE=
flx_, y_1:=DUI[x, y], {x, 2}]1+D[U[x, ¥], {¥, 21];
gl y ] =l vl

n=Length[=] -p-1; (#number of B-spline basis functions in each directions

(#tensor product of univariate B-spline basis functions: Nip(£)xNgp ()=
8li_, j_, £, 7] :- BSplineBasis[{p, =}, i, ©] +BSplineBasis[{p, =}, 7, 7];

T2 = Parallelize[Table[{-[[1]], z[[j]1]}, {1, 1. n}, {d, 1, n}]];; (+tensor product of collocation points T«

JacG[£, 7] :=Grad[G[£, 7], {£, 7}]; (+Jacobian of geomtery mapping G+

M[<, 7] :=sqrt[Det[Transpose [JacG[~, »]].JacG[S, »]]] Inverse[Transpose[JacG[S, »]].JacG[~, 7]];
LI, s i, o] s=m[ 5, wlGrad[Bl1, 7, 50 2], (5, 715
(+*matrix on left sides

lhs = {};
Table[

row Flatten[

Table[
(#local support property of Nip(£) and MNgpin)=
I-F[:Z[[k, 1111l ==[[i+1] ] && 2 [k, 1]][[1]]==[[i+p+2]] &&
t2[[k, 1]1][[2]] = Z[[J+1]] && 2 [[k, 1]][[2]] = Z[[J+p~+2]],
(k=1 k=n|[1=1]1=n),
Bli, 3, £, m) /. £ t2[[k, 1]1[[1]] /. m—>t2[ [k, 1]]1[[2]],
(D[L[E, n, &, JT[[2]], {£}] +D[L[E, 1, 1, FIT[2]0, {n}]}
(Sgrt [Det [Transpose[JacG[£, n]].JacG[$, n]]])

], (i,@, n-1}, {3, @, n—l}”;

fo{f =2k, 11]102]], n—=z2[[k, 1]]1[2]]} //N

AppendTo[lhs, row];, {k, 1, n}, {1, 1, n}] ;
1hs = ReplaceAll [1hs, MNull - @];

(* vector on right side «
rhs = {13
Table[If[k=1||k=n|[Ll=1]|1
fun=g», y] /. x->G[1t2[[k, 1]]]
fun=f[x, y] /. x=>G[t2][[k, 1]]
]
AppendTo[rhs, fun], {k, 1, n}, {1, 1, n}];

n,
[11], =2[[k, 1]1[[2]]
[l

115 1/-y-6[t2[[k, 1]][[2]], =2[[k, 1]]1[[2]]][[2]],
110, =2[k, 117112]

1011]
1101A1] /e y—=6[z2[[k, 1]][[2]], =2[[k, 1]T[[2]]1][[2]]

[
1
(#coefficients cy+

coeff LinearSolve [1hs // N, rhs // N];

(+ approximated solution =
applu_, v_] t=sum[ (coeff[[(j+1) +ni]] B[, J, u, v]}), {], 8, (n-1)}, {1, 8, (n-1)}];

Return[app]



APPENDIX D SCP

+ INPUT: open knot vector (Z), polynomial degree of the B-splines basis functions (p
OUTPUT: superconvergent collocation points (scp
SCP[=, p_] := Module[{r, u, variables, coeffl, numbrOfVariables, var, matrix, sol, vec, er, solution,
points, n, elts, £, lengthelts, param, paramPoints, scp},
ri=p+1;
ui=p-1;
variables = {a, b, ¢, d, e, f}; [+c:+
coeffl - ConstantArray [@, r]; («k:+
If[Mod[p, 2] =@,
(numbrOfvariables :=p/2+1;
var = Table[variables[[i]], {i, 1, numbrOfVariables}];
(+matrix on left side=
matrix - Table [Table [D[LegendreP [i, %], {x, j}] /. x—=1, {i,1, r, 2}], {3, @, u, 2}];
sol := Solve[matrix .var =@, var];
(#vector with the obtained ci,C3,...,Ch»
vec := Flatten[{a, Table[sol[[1]][[k]]1[[2]], {k, 1, numbrOfvariables-1}]}]/.a—1;
(+vector with coefficients ki«
coeffl = Table [If [Mod [k, 2] == @, coeff1[[k]] =@, coeffi[[k]] =vec[[(k+1)/2]]]. {k, 1, r}]};
(numbrOfvariables := (p+1) /2;
var = Table[variables[[i]], {i, 1, numbrOfvVariables}];
(#»matrix on left sides
matrix = Table[Table[D[LegendreP[i, x], {x, j}] /. x—=1, {i, 2, r, 2}], {J, 1, u,y 2}];
sol := Solve [matrix .var =@, var];
(+»vector with the obtained cz,ca,...,Cr%
vec := Flatten[{a, Table[sol[[1]][[k]][[2]], {k, 1, numbrOfVariables -1} ]}]/.a-=1;
(#vector with coefficients ki«
coeffl = Table[If [Mod [k, 2] == @, coeffl[[k]] =vec[[k/2]], coeffi[[k]] =@], {k, 1, r}]l;)
15
(#error function on the interwal [-1,1]+«
er[7 ] :=Sum[coeffl[[i]] LegendreP[i, »], {i, 1, r}]l;
(*eg"" (m) =0 for ne[-1,1]+
solution := NSolve[D[er[v], {v, 2}] =@ && v>=-1 & v <=1, v];
(#*SCP on interwval [-1,1]+
points := Table[solution[[i]][[21]][[2]], {i, 1, Length[solution]}];
(#reparametrization of superconvergent points on interval [8,1]«
n=Length[Z]-p-1;
(+"elements” of Z«
elts = {Z[[1]1]};
Table [If[=[[i-1]] ¢ Z[[i]], £=Z=[[i]]; AppendTo[elts, £]1], {i, 2, Length[=]}];
(+element length of the unifrom and open knot vector Z«
lengthelts = =[[p+2]] -=[[p+1]]:
[*parametrization of the interval [-1,1], to the interval [£,.1,8p.2]+
param[u_] := (lengthelts /2 ) u + (lengthelts/2);
[+#superconvegent points on [£p.3,%5p.2]+

paramPoints := param[points] //N;

(*superconvergent Pointss
scp = Flatten|[Table [elts[[i]] + paramPoints, {i, 1, Length[elts]-1}]];

Return[scp]

]



APPENDIX E LS-SP

+ INPUT: open knot vector (Z), polynomial degree of the B-splines basis functions (p),
superconvergent collocation points (scp), exact solution of Poisson's PDE (U
OUTPUT: numerical approximate solution (app) +

LSSP[=Z , p_, scp_, U_] := Module[{f, g, n, B, rhs, row, fun, lhs, coeff, app},

(«f(x) and g(x) of the Poisson's PDE=
Flx_]=DIU[x], {x, 2}];
glx_]:=U[x];

n = Length[Z] -p-1; (+number of B-spline basis functions=

B[i_, £_] := BSplineBasis[{p, =}, i, £]; (#*B-spline basis functions N; (5)+

[+ matrix on left side «
lhs = {};
Table|
row = Flatten|
Table|
(*local support property of Njp(S)+
If[scp[[k]]l =z =[[1+1] ] &Rscp[[k]] = =[[i+p+2]],
If[{k=1||k=n),
B[i, £] /. £ »sep[[k]l,
(DB, £, {5, 2}]) /. £ scp[k]]
]
1, {i, 8, n-1}]
1;
AppendTo[lhs, rouw];
s> {ks 1, Lengthlscp]}]
1hs = ReplaceAll [Null -+ @] [1lhs];

(* vector on right side »
rhs = {};
Table |
If[k=1]|k=n,

fun=g[x] /. x>scp[[k]],

fun = f[x] /. x—=scp[[k]]

]

AppendTo[rhs, fun], {k, 1, Length[scp]}];

(#coefficients cy+
coeff - LeastSquares N[1lhs] , N[rhs]];

« approximated solution =

applu_] :=Sum[ (coeff[[i+1]] B[i, ul), {i, 8, (n-1)}]1;

Return[app]



APPENDIX F ASCP

» INPUT: open knot vector

superconvergent collocation points

OUTPUT: alternating superconvergent colloca

ASCP[= , p_, scp_] :=Module[{n, ascp},

n=Llength[=] -p-1;
If[Mod[p, 2] ¢ 0,
If[Mod[n, 2] @,

ascp = Delete[scp, Join[Table[{i}, {i, 2,
ascp = Delete[scp, Join[Table[{i}, {i, 2,
«additional pointss
Table[ascp - Union ascp,
«»imposing Dirichlet boundary conditionss
ascp - Flatten[Join[{®}, ascp, {1}]];
:
«Greville collocation pointss
ascp = Parallelize [Table [Sum[=] {m, i

1;

[m] 1,

Return[ascp]

]

=), polynomial degree of the B-splines basis functions

tion points

{scp[lalll, {sepll

Pl
scp
ascp) =

snumber of B-spline basis functionss

(Length[scp] /2), 2}], Table[{i}, {i, Length[scp] -1, (Length[scp]/2+3), -2}]]]
(Length[scp] /2), 2}], Table[{i}, {i, Length[scp] -1, (Length[scp]/2+1), -2}]]]

Length[scp] -g+1]]1}], {q, 2, p-3, 2}];

+1, i+p}] /e, {1, 1, n}1];

]

»



APPENDIX G CSCP

+ INPUT: open knot vector (Z), polynomial degree of the B-splines basis functions (p),

superconvergent collocation points (T

OUTPUT: clustered superconvergent collocation points (cscp
CSCP[Z, p_, scp_] :

*

Module[{n, q, rightPoint, leftPoint, cscp},
n=Length[=] -p-1; (+*number of B-spline basis functions«

q-e;
rightPoint = {};
leftPoint = {};
If[Mod[p, 2] {0,
cscp = Delete [scp, Join[Table[{i}, {i, 3, Length[scp] -1, 4}], Table[{i}, {i, 4, Length[scp], 4}]]1];
(~additional pointss
While[Length [cscp] !=n-2,
rightPoint = Length[scp] - q;
cscp = Union[cscp, {scp[[rightPoint]]}];
leftPoint = q+1;
cscp = Union[cscp, {scp[[leftPoint]]}];
g=q+1];
(#*imposing Dirichlet boundary conditionss
cscp = Flatten[Join[{®}, cscp, {1}]];
(#Greville collocation points«
cscp = Parallelize [Table[sum[=[[m]], {m, i+1, i+p}]/p, {i, 1, n}]];
1;
Return[cscp]

]



APPENDIX H Relative errors in 1D

+ INPUT: exact solution of Poisson’'s PDE (U), numerical approximate solution (app
QUTPUT: relative error in L° norm (error) =
L2inlD[U_, app_] := Module[{error},

error = Sqrt [NIntegrate [Abs [U [u] -app[u]]~2, {u, ®, 1}] /NIntegrate[Abs [U[u]] "2, {u, @, 1}]];

Return|error]

]

+ INPUT: exact solution of Poisson’s PDE (U), numerical approximate solution (app
OUTPUT: relative error in H; norm (error) =
H1iniD[U_, app_] := Module|{error},

error = 5qrt [NIntegrate [Abs[U[u] -app[u]]~2+Abs[D[U[u] -app[u], {u, 1}]1]1"2, {u, ®, 1}]/
NIntegrate [Abs[U[u]]~2+Abs[D[U[ul, {u, 1}11°2, {u, &, 1}11;

Return[error]

]

# INPUT: exact solution of Poisson’'s PDE (U), numerical approximate solution (app
OUTPUT: relative error in H; norm (error) =

H2 iniD[U_, app_] := Module[{error},

error = Sgrt [NIntegrate [Abs[U[u] -app[u]]~2+Abs[D[Uu] —applu]l, {u, 1}]]1"2+
Abs [D[U[u] —applul, {u, 2}]]~2, {u, @, 1}]/
NIntegrate [Abs[U[u]]"2+Abs[D[U[u], {u, 1}]]1"2+Abs[D[U[u]l, {u, 2}]]1"2, {u, @, 1}]];

Return[error]

]



APPENDIX I Relative errors in 2D

+ INPUT: exact solution of Poisson’'s PDE (U), numerical approximate solution (app
QUTPUT: relative error in L° norm (error) =
L2in2D[U_, app_, G_] := Module|{error},

error = Sqrt [NIntegrate [Abs [U[G[u, v][[1]], G[u, v][[2]]] -appu, v]]"2, {u, ®, 1}, {v, @, 1}]/
NIntegrate [Abs [U[G[u, v][[1]], G[u, v][[2]]]]"~2, {u, @, 1}, {v, @, 1}]];
Return|error]

]

+ INPUT: exact solution of Poisson’s PDE (U), numerical approximate solution (app
OUTPUT: relative error in H; norm (error) =
H1lin2D[U_, app_, G_] := Module[{error},

error = 5grt [NIntegrate [Abs [U[G[u, v][[1]], G[u, w][[2]]] -app[u, v]]"2+
Abs[DIU[Gu, vIT[2]], Glu, vIT[2]]] —applu, vI, {u, 1}, {v, 1}]]1"~2, {u, @, 1}, {v, @, 1}]/
NIntegrate[Abs [U[G[u, v][[1]], G[u, v][[2]]]]"2+
11

1
Abs [D[U[G[u, v][[1]], G[u, v][[2
Return|error]

]

+ INPUT: exact solution of Poisson’s PDE (U), numerical approximate solution (app
OUTPUT: relative error in H; norm (error) =
H2in2D[U_, app_, G_] := Module[{error},

error = 5grt [NIntegrate [Abs [U[G[u, v][[1]], G[u, w][[2]]] -app[u, v]]"2+
Abs[D[U[G[u, v][[1]], Gu, v][[2]]] -applu, v], {u, 1}, {v, 1}]]1"2+
AbS:D: :G:u, ‘-"]::1]]1 G:u, ”]2]]] —G‘IDID:U, ‘."], -:u, 2}1 ':".", 2}]]A21 ':UJ a, 1}1 ':‘.", 8, 1}]
NIntegrate [Abs[U[G[u, v][[1]], G[u, v][[2]]]]~2+Abs[D[U[G[u, v][[2]], GJu, v][[2]]], {u, 1}, {v, 1}]]~2+
Abs [D[U[GTu, v][[A]], Glu, vITI2]]0, {us 2}, {v, 2}]]1*2, {u, 8, 1}, {v, 8, 1}]];

Return|error]



